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Abstract

We establish generic regularity results for isoperimetric regions in closed Riemannian manifolds
of dimension eight. In particular, we show that every isoperimetric region has a smooth non-
degenerate boundary for a generic choice of smooth metric and enclosed volume, or for a fixed
enclosed volume and a generic choice of smooth metric.
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1 Introduction

Isoperimetric regions arise as minimisers of boundary area for a fixed enclosed volume, with sharp
regularity theory, as established in [GMT83] and [Mor03], guaranteeing that the boundary of such a
region is a smooth hypersurface away from a closed singular set of codimension seven (see Subsection
2.1 for a precise definition). In closed Riemannian manifolds of dimension eight, this singular set con-
sists of at most finitely many isolated points, with explicit singular examples having been constructed
in [Niu24a]. One may thus hope that, under some assumption on the choice of ambient metric and
enclosed volume, all isoperimetric regions have smooth boundary in closed Riemannian manifolds of
dimension eight; for example under a genericity assumption. We show that this is indeed the case:

Theorem 1. In a closed manifold of dimension eight, every isoperimetric region has smooth nonde-
generate boundary for a generic choice of smooth Riemannian metric and enclosed volume.

By generic in the above statement, and indeed throughout this work, we mean in the Baire category
sense; namely, we show that the conclusions of the above statement hold on a countable intersection
of open and dense sets in the space of metric volume pairs. Moreover, nondegenerate refers to the
triviality of the kernel of the linearised mean curvature operator (see Subsection 2.3). We also obtain
the following result for any fixed choice of enclosed volume:

Theorem 2. In a closed manifold of dimension eight and for a fixed enclosed volume, every isoperi-
metric region has smooth nondegenerate boundary for a generic choice of smooth Riemannian metric.

In the course of the proof of Theorems 1 and 2, we will in fact obtain several ancillary results, the
precise statements of which are contained in Theorems 6 and 7. In particular, we mention here that
one can phrase the statements of both results above for the class of Ck,α metrics (for k ≥ 4 and
α ∈ (0, 1)), from which the case for smooth metrics follows, and moreover restrict to the conformal
class of a given metric and obtain analogous genericity results. We also note that it follows, by
renormalisation, from the proof of both Theorem 1 and 2 that one can restrict to the class of unit
volume Riemannian metrics in each of their statements.

Remark 1. One cannot hope to fix a metric and vary enclosed volumes to obtain an analogous generic
regularity result as above. To see this, we observe that, for sufficiently large R > 0, the closed eight-
dimensional Riemannian manifold, (M(R), gR), constructed in [Niu24a, Theorem 3.3] is such that
every isoperimetric region with enclosed volume in an open interval (centred at half of the volume of
this manifold) has a unique isoperimetric region whose boundary contains exactly two isolated singular
points; this follows implicitly from the proof of [Niu24a, Theorem 4.1].

As a direct consequence of Theorem 1 we are able to extend a result on the generic Riemannian
quantitative isoperimetric inequality, [CES22, Theorem 1.2], previously known to hold in dimension
seven, to dimension eight. Precisely, with the notation as introduced in Subsection 2.1, we obtain:

Corollary 1. Given a closed manifold of dimension eight, there exists a generic subset, U ⊂ Gk,α×R,
of Riemannian metrics and enclosed volumes with the following property. If (g, t) ∈ U , then there is
a constant C > 0, depending on g and t, such that if E ∈ C(M) with Volg(E) = t then

Perg(E) − Ig(t) ≥ Cαg(E)2,

where

Ig(t) = inf
F∈C(M)

{Perg(F ) |Volg(F ) = t} and αg(E) = inf{Volg(E∆Ω) |Ω ∈ I(g, t)},

are the isoperimetric profile and the Fraenkel asymmetry respectively.

2



This follows since [CES22, (1.6)] holds in all dimensions (for smooth metrics), from which the proof of
[CES22, Theorem 1.2] goes through verbatim by replacing the generic set of metric volume pairs there
by the one provided by our Theorem 1. Moreover, as a consequence of Theorem 2 we also extend
[CES22, Corollary 5.4], the fixed enclosed volume and generic metric analogue of [CES22, Theorem
1.2], to closed manifolds of dimension eight.

It would be of interest to know to which other situations the results of Theorem 1 and 2 may be
applied in order to extend effective applications of isoperimetric regions with smooth boundary to
closed Riemannian manifolds of dimension eight. For instance, similarly to Corollary 1, we expect
the main results of this work to be applicable to the generic quantitative stability problem for the
Cheeger energy introduced in [Che70]; the (non-generic) quantitative stability for this problem has
been addressed in [dC23] for closed Riemannian manifolds of dimension at most seven. Moreover, it
would be interesting to investigate the case of non-compact manifolds with finite volume, as well as
complete manifolds under various curvature assumptions (e.g. nonnegative Ricci curvature, Euclidean
volume growth, quadratic curvature decay, asymptotic flatness, etc.) in which isoperimetric regions
exist; in this direction, we refer the reader to [APS25] and references therein.

As isoperimetric regions have constant mean curvature on smooth portions of their boundary, the
present work is related to previous results on the generic regularity of constant mean curvature, and
in particular minimal (i.e. zero mean curvature), hypersurfaces, which we now summarise.

The generic existence of a smooth area-minimising minimal hypersurface in each non-zero homology
class of a closed Riemannian manifold of dimension eight was established in [Sma93], utilising local
metric perturbations based on the foliation result of [HS85], which in turn established the analo-
gous generic existence result for smooth seven-dimensional Plateau minimisers. Similar local metric
perturbations were then utilised in [CLS22] to establish the generic existence of smooth minimal hy-
persurfaces in closed Riemannian manifolds with positive Ricci curvature in dimension eight. More
recent works, [CMS23], [CMS24], and [CMSW25], develop further local metric perturbation tech-
niques in order to show the generic existence of smooth area-minimising minimal hypersurfaces, in
each non-zero homology classes and for Plateau solutions, up to ambient dimension eleven.

In [LW20], by exploiting the global metric perturbations for isolated singularities of minimal hyper-
surfaces developed in [Wan20], it was shown that every eight-dimensional closed manifold equipped
with a generic metric (with no ambient curvature assumption) admits a smooth minimal hypersur-
face. Building on these global metric perturbations and the results of [Ede24], which in particular
show that seven-dimensional minimal hypersurfaces with bounded mass and index belong to a finite
collection of diffeomorphism types, it was shown in [LW25] that for a generic choice of metric, every
embedded locally stable minimal hypersurface, with sufficiently small singular set, is smooth in each
eight-dimensional Riemannian manifold. We also refer to recent work in [CLW25], which obtains
generic regularity results allowing for strongly isolated singularities (those whose tangent cone is of
multiplicity one with singular set consisting of one point) of minimal submanifolds (potentially of
high codimension) to be perturbed away by index theoretic methods; it would be of interest to know
if these methods could be adapted to the setting of constant mean curvature surfaces with strongly
isolated singularities.

Local metric perturbations were employed in [BM25], exploiting the constant mean curvature analogue
of the foliation result of [HS85] developed in [BL25], in order to remove strongly isolated singularities
of constant mean curvature hypersurfaces which locally minimise the naturally associated area-type
functional. In particular, this was utilised to show, for each λ ∈ R, the generic existence of a smooth
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closed embedded hypersurface of constant mean curvature λ in closed Riemannian manifolds with
positive Ricci curvature in dimension eight. As shown in [Mar24, Section 2.2.2], applying the same
method to the boundary of an isoperimetric region in a closed Riemannian manifold of dimension eight
produces an entirely smooth hypersurface of constant mean curvature. However, since isoperimetry is
a global property, it is not clear if the resulting smooth hypersurface bounds an isoperimetric region.

1.1 Strategy

Since local metric perturbation techniques may not preserve isoperimetry, the strategy of the present
work instead establishes Theorems 1 and 2 via global metric perturbations and a decomposition of the
space of isoperimetric regions in closed Riemannian manifolds of dimension eight, building upon the
techniques introduced in [LW25] and [Ede24]. In the discussion that follows, we restrict our attention
to closed Riemannian manifolds of dimension eight and outline the strategy taken in the present work.

We first develop a procedure that allows us to perturb away isolated singularities in the boundary of
a given isoperimetric region subject to an appropriate assumption on its boundary hypersurface. To
this end we develop (in Subsection 2.3) the relevant theory for the linearised mean curvature operator,
which we refer to as the twisted Jacobi operator, on the boundary hypersurfaces of isoperimetric regions
in the presence of isolated singularities. The kernel of this operator, which we refer to as the space of
twisted Jacobi fields, can then be seen as a direct generalisation of the notion of twisted Jacobi fields
introduced for smooth embedded constant mean curvature hypersurfaces in [BdE88]. We then show
(in Theorem 4) that a convergent sequence of isoperimetric regions (with the same enclosed volume)
induces a non-zero twisted Jacobi field on the limiting isoperimetric region. Under the assumption
that every twisted Jacobi field has a sufficiently fast growth rate (as specified in Definition 7) near
at least one isolated singularity, these induced Jacobi fields allow us to perturb away such a point by
a conformal metric change (this is carried out in Corollary 2, building on the open and dense set of
conformal perturbation functions defined in Proposition 1).

Isoperimetric regions whose twisted Jacobi fields posses this sufficiently fast growth rate near at least
one isolated singularity are referred to as semi-nondegenerate; a property which implies the usual
notion of nondegeneracy if the boundary hypersurface is smooth. An analogous notion of semi-
nondegeneracy was first introduced (and shown to be a generic property) for locally stable minimal
hypersurfaces with isolated singularities in [LW20] and [LW25], building on the analysis in [Wan20],
which enabled such points to be perturbed away. We show (in Theorem 5) that semi-nondegeneracy
is a generic property for isoperimetric regions in dimension eight; generic nondegeneracy results for
both smooth minimal and constant mean curvature hypersurfaces were established in the foundational
work of [Whi91] (see also [CES22, Section 5] for isoperimetric regions specifically). To achieve this,
we establish a local Sard–Smale type theorem in appropriately defined pseudo-neighbourhoods (see
Subsection 4.1) of a given triple of data (consisting of a metric, enclosed volume, and isoperimetric
region associated to this metric volume pair); an analogous notion of pseudo-neighbourhoods were
first introduced for metric and minimal hypersurface pairs in [LW25]. Such a result shows that, for a
given triple of data as above, we can produce (in Lemma 9) an open and dense set of metric volume
pairs for which all associated isoperimetric regions in a small enough pseudo-neighbourhood of this
triple are semi-nondegenerate.

In order to achieve a global result we introduce (in Theorem B.1) a notion of cone decomposition for
general almost minimisers of perimeter analogous to the cone decomposition for minimal hypersurfaces
introduced in [Ede24]. Since isoperimetric regions are themselves almost minimisers of perimeter, by
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using this cone decomposition result we are able to decompose the space of isoperimetric regions in a
closed Riemannian manifold of dimension eight, showing that their boundary hypersurfaces belong to
a countable collection of diffeomorphism types; a similar description of the space of almost minimisers
of perimeter was established in [ESV24, Theorem 5.5]. This ultimately allows us (in Lemma 11)
to cover the space of triples by a countable collection of pseudo-neighbourhoods, to each of which
we associate an open and dense set of metric volume pairs produced by the local Sard–Smale result
mentioned above. Intersecting over the countable collection of these open and dense sets of metric
volume pairs, we thus conclude that semi-nondegeneracy is a generic property for isoperimetric regions
in dimension eight.

Having a perturbation procedure for isolated singularities and the genericity of semi-nondegeneracy
in hand, ideally one would inductively reduce the potential number of isolated singularities that
arise along converging sequences of isoperimetric regions until the resulting isoperimetric regions are
smooth. However, one issue in this approach is that, while we ensure that converging isoperimetric
regions are smooth near a given singular point, this process does not necessarily strictly decrease
the total number of singular points arising along the sequence (for instance, one cannot preclude the
possibility that two singular points converge to one singular point, with a necessarily higher density,
in the limit).

To overcome this we define a notion of singular capacity (see Definition 11) for isoperimetric regions,
analogous to those introduced for minimal hypersurfaces in both [LW20] and [LW25]. This singular
capacity accounts for the potential number of singularities that can arise along sequences of convergent
isoperimetric regions, is upper semi-continuous with respect to this convergence, and is finite for a given
metric volume pair (these latter two properties are shown in Proposition 4). These properties allow us
to show (in Proposition 5) that, in the generic set of metric volume pairs for which every isoperimetric
region is semi-nondegenerate, we can iteratively reduce the maximum value of the singular capacity
associated to a metric volume pair. Repeated iterations of these perturbations produce (in Theorems
6 and 7) a generic set of metric volume pairs for which the maximum value of the singular capacity
is always zero; thus every isoperimetric region associated to such a metric volume pair has entirely
smooth boundary. This line of reasoning directly establishes both Theorems 1 and 2.

We expect that much of the theory for isoperimetric regions developed in the present work applies
directly to the class of multiplicity one, locally stable (or indeed finite index), embedded constant mean
curvature hypersurfaces with at most finitely many isolated singularities. The difficulty in concluding
a generic regularity result for a more general class of constant mean curvatures hypersurfaces (which
allow for touching spheres/cylinders for example) is that, while a robust regularity and compactness
theory for the class of quasi-embedded locally stable constant mean curvature hypersurfaces was
developed in [BW18], one would need to account in our arguments for both the presence of non-
embedded points as well as higher multiplicity. Neither occurs for isoperimetric regions. Furthermore,
in comparison to the class of minimal hypersurfaces considered in [LW25] and [Ede24], we do not
need to account for the presence of index in the boundary hypersurfaces in our arguments. Each
of these above facts affords us several simplifications when compared to their approaches since, for
the most part, we can rely solely on the theory of Caccioppoli sets. In particular, we emphasise
that isoperimetric regions possess a relatively straightforward compactness theory (recorded below in
Lemma 1) when compared to the compactness results for minimal hypersurfaces with bounded index
(which is detailed in [LW25, Appendix G] and the references therein).

However, several additional difficulties are present when studying the twisted Jacobi operator asso-
ciated to an isoperimetric region when compared to the Jacobi operator for a minimal hypersurface.
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Since isoperimetric regions, and more generally constant mean curvature hypersurfaces, are only sta-
tionary with respect to volume preserving variations, their associated twisted Jacobi fields are neces-
sarily of integral zero on the boundary. For Jacobi fields on minimal hypersurfaces no such integral
constraint is required. This difference becomes particularly apparent whenever one wants to ensure
integral control when taking limits of twisted Jacobi fields for isoperimetric regions whose boundaries
contain isolated singularities, since one needs to rule out any integral concentration at these points
in the limit; in the smooth case there is no such issue, since one has graphical convergence of the
boundary hypersurfaces. The two main methods introduced here to overcome this integral constraint
issue, which are exploited repeatedly throughout our arguments, involve constructions of appropriate
integral zero test functions as well as analysing the local volume change around singular points, guar-
anteeing integral non-concentration along convergent sequences of isoperimetric regions that induce
twisted Jacobi fields.

1.2 Structure

We now proceed as follows. Section 2 records several preliminary results on isoperimetric regions that
will be used frequently throughout this work, and introduces the notion of twisted Jacobi fields for
isoperimetric regions with isolated singularities. Section 3 studies the growth rates of isoperimetric
regions near isolated singularities, shows that converging isoperimetric regions induce twisted Jacobi
fields, and then uses this result to show that, under a semi-nondegenerate assumption, we can perturb
away isolated singularities. Section 4 is devoted to showing that semi-nondegeneracy is a generic
property for isoperimetric regions in dimension eight. Section 5 introduces the singular capacity for
isoperimetric regions, and shows that we can combine the results of Sections 3 and 4 to reduce the
singular capacity in the generic set of metric volume for which every isoperimetric region is semi-
nondegenerate. Section 6 is devoted to the proofs of Theorems 1 and 2. Appendix A records several
technical lemmas on the growth rates for graphical hypersurfaces over cones and for the mean curvature
operator for hypersurfaces that are graphical over one another. Appendix B contains both the cone
decomposition for almost minimisers of perimeter in dimension eight, as well as the relevant definitions
that allow for the covering of the space of triples to be carried out in Section 4.

2 Notation, isoperimetric regions, and twisted Jacobi fields

In this section we will establish notation, record some preliminaries on isoperimetric regions, and
introduce the notion of twisted Jacobi fields (homogeneous solutions to the linearised mean curvature
operator on boundaries of isoperimetric regions) in the presence of isolated singularities.

2.1 Notation

We now collect some notation and definitions that will be used throughout this work:

• We let (M, g) be an 8-dimensional closed (i.e. compact with empty boundary) Riemannian
manifold. Without loss of generality we will implicitly assume M is connected with unit volume.
For k ≥ 4 and α ∈ (0, 1) we denote by Gk,α the set of all Ck,α Riemannian metrics on M (note
that this set is a Banach manifold since k is finite). For g ∈ Gk,α we denote the conformal class
of g (amongst Ck,α metrics) by

[g] = {(1 + f)g ∈ Gk,α | f ∈ Ck,α(M)}.
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We write Volg(E) for the volume of a measurable E ⊂ M ,
∫
E
u dVg for the integral of some

integrable function u, and Lp
g(E) for the space of p ∈ [1,∞] integrable functions on E, all with

respect to the metric g. We denote by distg the distance function on M , Bg
r (p) the open geodesic

ball in M of radius r > 0 centred at p, and Ag(p; s, r) = Bg
r (p)\Bg

s (p) for annuli, all with respect
to the metric g.

• A measurable set E ⊂ M is a Caccioppoli set if the indicator function of E is of bounded
variation, or equivalently if

Perg(E) = sup

{∫
E

divgX

∣∣∣∣X ∈ Γ(TM), ∥X∥∞ ≤ 1

}
<∞,

where divg is the divergence with respect to the metric g, Γ(TM) is the set of vector fields on
M and ∥ · ∥∞ denotes the supremum norm. We write C(S) for the set of Caccioppoli sets in a
set S, and note that C(S) is independent of the choice of metric on S. We say that Ω ∈ C(M)
is an isoperimetric region of enclosed volume t ∈ R if

Perg(Ω) = inf
E∈C(M)

{Perg(E) | Volg(E) = t},

where Perg(E) is the perimeter of E ∈ C(M) with respect to the metric g and the right-hand
side is the isoperimetric profile, Ig(t), as introduced in the statement of Corollary 1. The
existence of isoperimetric regions of a given enclosed volume is then guaranteed by the direct
method of the calculus of variations (e.g. see [Mag12, Section 12.5]). We denote by I(g, t) the
set of all isoperimetric regions in (M, g) of enclosed volume t ∈ R. Notice that if t < 0 or
t > |M |g then there are no Caccioppoli sets of enclosed volume t, and hence no isoperimetric
regions, meaning that any statements concerning them will be vacuously true.

• We will often make use of the notion of a varifold; a reference for the notation and definitions may
be found in [Sim83b]. In particular, for a varifold V , a point p and a radius r > 0, we will denote
θV,g(p, r) = ω−1

7 r−7∥V ∥g(Bg
r (p)) for the density ratios, where ω7 is the 7-dimensional Lebesgue

measure of the unit ball in R7, and θV,g(p) = limr→0+ θV,g(p, r) for the density. Furthermore, for
a varifold V , in the definition of density, we denoted by ∥V ∥g the weight measure with respect
to the metric g; more generally, we may omit metric dependence when working in Euclidean
space or when it is clear from context. Finally, for x ∈ Rn and r > 0 we let ηx,r(y) = y−x

r
for

each y ∈ Rn and denote by (ηx,r)#V the image of a varifold V under ηx,r.

• Let T k,α denote the set of triples, (g, t,Ω), and Pk,α(t) denote the set of pairs, (g,Ω), where
g ∈ Gk,α, t ∈ R, and Ω ∈ I(g, t); it will often be convenient to view Pk,α(t) ⊂ T k,α for a fixed
t ∈ R. We endow T k,α with the topology induced by the Ck−1,α topology in the first factor,
the standard topology on R in the second factor, and the L1

g topology in the last factor; this
restricts to a topology on Pk,α(t) for each t ∈ R.

• Given an isoperimetric region Ω as above, we denote by Σ ⊂ ∂Ω (and Σj ⊂ ∂Ωj for sequences,
tildes, and primes etc.), with Σ = ∂Ω, the C2, two-sided, embedded hypersurface of constant
mean curvature, and the closed singular set, Sing(Σ) = Σ\Σ, consisting of isolated points with
multiplicity one tangent cones with isolated singularity at the origin; by [GMT83] and [Mor03],
this is always the case for boundaries of isoperimetric regions in ambient dimension 8. We say
that an isoperimetric region (or by abuse of terminology its boundary) is regular if its boundary
has empty singular set. We will often also write |Σ|g for the multiplicity one varifold associated
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to Σ,
∫
Σ
u dAg to denote the integral of some integrable function on Σ, and denote by νΣ,g the

outward pointing unit normal to Σ (all with respect to the metric g). We will occasionally abuse
notation and write |Σ|g = Perg(Σ) for notational convenience (in particular when considering
the averaged integrals as introduced in Subsection 2.3).

• We let inj(M, g) denote the injectivity radius of M with respect to the metric g and for each
Ω ∈ I(g, t) we denote

inj(Σ, g) = min{inj(M, g), {distg(p, p̃) | p, p̃ ∈ Sing(Σ) with p ̸= p̃}}.

For each r > 0 we also denote

Bg
r (Sing(Σ)) = Σ ∩

(
∪p∈Sing(Σ)B

g
r (p)

)
= {x ∈ Σ | distg(x, p) < r for some p ∈ Sing(Σ)}.

We write expg,x for the exponential map with respect to the metric g based at x ∈M and for a
measurable set E ⊂ Σ and a function u : E → R denote the graph of u over E with respect to
the metric g by

graphg
E(u) = {expg

x(u(x)νΣ,g(x)) |x ∈ E}.

• For working in R8 we denote by geucl the standard Euclidean metric, Br(p) the open ball of radius
r centred at p, Br = Br(0), Sr(p) the sphere of radius r centred at p, S = S1(0), A(p; s, r) =
Br(p) \ Bs(p), and A(s, r) = A(0; s, r). Furthermore, dH(·, ·) will denote the Hausdorff distance
in R8 with respect to geucl. We will occasionally omit metric dependence from notation that
involves geucl, in particular for the multiplicity one varifolds associated to hypercones.

• Suppose that C ⊂ R8 is a minimal hypercone; i.e. Sing(C) ⊂ {0}, we then denote the smooth
minimal hypersurface S = C ∩ S ⊂ R8 as its link, Br = C ∩ Br, and A(s, r) = Br \ Bs. By
parameterising C in radial coordinates, (r, ω) ∈ (0,∞) × S, we decompose (as in [Sim68]) the
Jacobi operator, LC, of C as

LC = ∂2r +

(
n− 1

r

)
∂r +

1

r2
(∆S + |IIS|2),

where IIS is the second fundamental form of S in S7. We let µ1 < µ2 ≤ µ3 ≤ . . . ↗ +∞
be the eigenvalues of −(∆S + |IIS|2), and φ1, φ2, . . . be the corresponding L2(S)-orthonormal

eigenfunctions where φ1 > 0. By [Sim68],C is stable if and only if µ1 ≥ − (n−2)2

4
and, as in

[CHS84], we say that C is strictly stable if µ1 > − (n−2)2

4
. By [CHS84], a general Jacobi field,

v ∈ C∞
loc(C), on C (i.e. a solution to LCv = 0) is given by a linear combination of homogeneous

Jacobi fields
v(r, ω) =

∑
j≥1

(v+j (r) + v−j (r))φj(ω),

where for each j ≥ 1 we write

v+j (r) = c+j · rγ
+
j and v−j =

{
c−j · rγ

−
j , if µj > − (n−2)2

4
,

c−j · rγ
−
j log(r) if µj = − (n−2)2

4
,

for some constants c±j ∈ R, and

γ±j = γ±j (C) = −n− 2

2
±
√
µj +

(n− 2)2

4
.
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The collection of the exponents γ±j is called the asymptotic spectrum of C, which we denote
by Γ(C). For every Λ > 0, we let

CΛ = {stable minimal hypercones, C ⊂ R8, with ∥C∥(B1) ≤ Λ},
while we denote simply by C the collection of stable minimal hypercones without density bound.
Given C ∈ C , we will denote by C (C) the collection of cones C′ ∈ C satisfying θ|C′|(0) = θ|Ci|(0),
and for which there exists a C2-diffeomorphism ϕ : ∂B1 → ∂B1 with ϕ(C ∩ ∂B1) = C′ ∩ ∂B1.
By considering the varifold metric,

F(V,W ) = sup{∥V ∥(f) − ∥W∥(f) | f ∈ C1(M), |f | ≤ 1, |Df | ≤ 1},
defined for integer rectifiable 7-varifolds V , CΛ is compact under the F-metric for every Λ > 0;
hence

γgap(Λ) = inf{γ+2 (C) − γ+1 (C) |C ∈ CΛ} > 0.

The asymptotic spectrum is continuous under varifold convergence, i.e. if F(|Ci|, |C∞|) → 0 for
{Cj}j≥1 ⊂ C , then µj(Ci) → µj(C∞) for each j ≥ 1 as k → ∞. By [Ede24, Theorem 5.1], given
a sequence of stable minimal hypercones {Ci}i≥1 ⊂ CΛ for some Λ > 0 there is a subsequence
(not relabelled) and a stable minimal hypercone C such that the links Ci ∩ ∂B1 converge to
C ∩ ∂B1 smoothly with multiplicity one as i → ∞, and so that θ|Ci|(0) = θ|C|(0) for all i ≥ 1
sufficiently large. Moreover, by [Sim83a] (see also [Ede24, Theorem 5.1]) the densities of stable
minimal hypercones in (R8, geucl) are discrete:

{θ|C|(0) |C ⊂ R8 is a stable minimal hypercone} = {1 = θ0 < θ1 < θ2 < . . .↗ +∞}. (1)

• We define the regularity scale, rS(x), depending on M, g, and Σ, at a point x ∈ Σ to be the
supremum among all r ∈ (0, inj(Σ, g)/2) such that both of the following properties hold:

– r2∥Rmg∥C0(Bg
r (x)) + r3∥∇Rmg∥C0(Bg

r (x)) ≤ 1/10, where Rmg denotes the Riemann curvature
tensor of M with respect to the metric g.

– After pulling back by expg
x to TxM we have

1

r
(expg

x)−1(Σ) ∩ B1 = graphgeucl
L (u) ∩ B1,

for some hyperplane L ⊂ TxM and u ∈ C3(L) with ∥u∥C3 ≤ 1/10.

• For ϕ ∈ Ck
loc(Σ) we define the following norm on a measurable subset E ⊂ Σ to be

∥ϕ∥Ck
∗ (E) = sup

x∈E

k∑
j=0

rS(x)j−1|∇jϕ(x)|;

which is invariant under the scaling of ϕ to λϕ and g to λ2g for λ > 0. For f ∈ Ck(M) and
x ∈ Σ, we define the pointwise norm

[f ]x,g,Ck
∗

=
k∑

j=0

rS(x)j sup
Bg

rS
(x)

|∇jf |(x);

which is invariant fixing f and scaling g to λ2g for λ > 0.

• By [Sim83a, Theorem 5] and [Ede24, Theorem 6.3], for any p ∈ Sing(Σ), we may express Σ in
conical coordinates near p over its tangent cone CpΣ; precisely, for any ϵ > 0, there exists
ϕ ∈ C2(CpΣ) and rp(ϵ) > 0 such that both ∥ϕ∥C2

∗(Brp )
< rp(ϵ) and

graphgeucl
CpΣ

(ϕ) ∩ Brp(ϵ) = (expg
p)

−1
(

Σ ∩Bg
rp(ϵ)

(p)
)
.
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2.2 Preliminaries on isoperimetric regions

We record here several results and notions for isoperimetric regions that will be used frequently
throughout this work:

Lemma 1 (Compactness of isoperimetric regions). For t ∈ R, if gj → g in Ck−1,α and tj → t, then
for each sequence {Ωj}j≥1 ⊂ I(gj, tj) there exists Ω ∈ I(g, t) such that, up to a subsequence (not
relabelled), we have:

1. We have Ωj → Ω in L1
g(M) and Pergj(Ωj) → Perg(Ω).

2. We have |Σj|gj → |Σ|g as varifolds.

Proof. Since gj → g in Ck−1,α and tj → t we have supj≥1 Perg(Ωj) < ∞ so that, by the compactness
of sets of finite perimeters [Mag12, Corollary 12.27], there exits a Caccioppoli set Ω ∈ C(M) such that,
up to a subsequence (not relabelled), we have Ωj → Ω in L1

g(M); as |Ωj|gj = tj for all j, we also have
|Ω|g = t. By the lower semicontinuity of perimeter, [Mag12, Proposition 12.15], we have

lim inf
j→∞

Pergj(Ωj) ≥ Perg(Ω).

Assuming lim supj→∞ Pergj(Ωj) > Perg(Ω), define δ = lim supj→∞ Pergj(Ωj) − Perg(Ω) > 0. By

[Mag12, Lemma 17.21], for every j, there exists Ω̃j ∈ C(M) with |Ω̃j| = tj, such that |Pergj(Ω̃j) −
Pergj(Ω)| ≤ C|εj|, for a fixed constant C > 0 and with εj = |Ω|gj − t. As gj → g in Ck−1,α and tj → t,
we see that εj → 0, which implies that for sufficiently large j ≥ 1 we have

Pergj(Ωj) = I(gj, tj) ≤ Pergj(Ω̃j) ≤ Pergj(Ω) + C|εj| ≤ Perg(Ω) + C|εj| + δ/4.

As εj → 0, for sufficiently large j ≥ 1 we have

lim sup
j→∞

Pergj(Ωj) ≤ Perg(Ω) + δ/2,

contradicting the choice of δ. In particular, we have limj→∞ Pergj(Ωj) = Perg(Ω).

Suppose now there exists Ω̃ ∈ C(M) with |Ω̃|g = t but such that Perg(Ω̃) < Perg(Ω), and set δ =

Perg(Ω) − Perg(Ω̃) = limj→∞ Pergj(Ωj) − Perg(Ω̃) > 0. By [Mag12, Lemma 17.21] again there exists

Ω̃j ∈ C(M) with |Ωj| = tj, such that |Pergj(Ω̃) − Pergj(Ω̃j)| < C|εj|, for a fixed constant C > 0 and

with εj = |Ω̃|gj − t. In particular, for sufficiently large j ≥ 1 we have

Pergj(Ω̃j) ≤ Pergj(Ω̃) + C|εj| ≤ Perg(Ω̃) + C|εj| + δ/10 < Perg(Ω) − δ + C|εj| + δ/10 < Pergj(Ωj).

For sufficiently large j ≥ 1, this contradicts the assumption that Ωj ∈ I(gj, tj) and hence

Perg(Ω) = lim
j→∞

inf
E∈C(M)

{Pergj(E) | Volgj(E) = tj} = inf
E∈C(M)

{Perg(E) | Volg(E) = t};

this shows that Ω ∈ I(g, t) and thus concludes part 1 of the lemma. Part 2 follows directly from
[DT13, Proposition A.1].

Remark 2. In view of the varifold convergence guaranteed by Lemma 1 part 2, whenever we have
a convergent sequence of isoperimetric regions, Ωj → Ω, throughout this work we will often simply
say that we “apply Allard’s theorem” (e.g. as stated in [Sim83b, Chapter 5]) in a neighbourhood of
a regular point of the limit, i.e. p ∈ Σ \ Sing(Σ), to obtain the conclusion that the Ωj are eventually
regular in this neighbourhood for sufficiently large j ≥ 1.
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Lemma 2 (Fixed volume mean curvature bound). For δ > 0 and g ∈ Gk,α there exists an open
neighbourhood, U , of g ∈ Gk,α and a constant C > 0, depending on δ, g, and U , such that if Ω ∈ I(ḡ, t)
with ḡ ∈ U and t ∈ (δ, |M |ḡ − δ), then Σ has constant mean curvature at most C.

Proof. The mean curvature bound for a fixed metric was established in [Niu24a, Lemma 4.3] (extending
the result in the smooth case in [CES22, Lemma C.1]). Assuming our desired statement fails, then
there exist gj → g in Ck−1,α and a sequence {Ωj}j≥1 ⊂ I(gj, tj) with tj ∈ (δ, |M |gj − δ), such that the
mean curvatures, Hj, of the Σj diverge to infinity. By Lemma 1 there exists Ω ∈ I(g, t) such that,
up to a subsequence (not relabelled), Ωj → Ω ∈ I(g, t), where t ∈ (δ/2, |M |g − δ/2); but then by
[Niu24a, Lemma 4.3], Σ must have bounded mean curvature, say H. Allard’s theorem applied to the
regular part of Σ then ensures that, since |Σj|gj → |Σ|g as varifolds by Lemma 1, we have Hj → H; a
contradiction.

Remark 3. From Lemma 2 we see that for each Ω ∈ I(g, t), Σ has at most finitely many connected
components. Precisely, by [MJ00, Theorem 2.2], there is a δ > 0 such that if t ∈ (0, δ]∪[|M |g−δ, |M |g),
then Σ is a perturbation of a coordinate sphere (i.e. a “nearly round sphere” in their notation), and
hence connected. Then, by applying Lemma 2 for this choice of δ along with the monotonicity formula
(which holds since the mean curvature of Σ is then bounded by Lemma 2), we see that Σ has at most
finitely many connected components for all t, see [CES22, Lemma 2.4]. Reasoning similarly to proof
of Lemma 2, up to potentially decreasing δ > 0 above, the same result holds in an open neighbourhood
of g in Gk,α.

It will be convenient at different stages of this work to view isoperimetric regions as almost minimisers
of perimeter or as volume constrained minimisers. Specifically, the former is better suited to decompose
the space of triples, T k,α, while the latter is useful in order to define the notion of a singular capacity.
We now briefly recall definition and some basic properties of each notion, referring to [Mag12, Chapter
21] for further details:

Definition 1. Given an open set U ⊂ R8, constants Λ ≥ 0, and r0 > 0, a set of locally finite perimeter
E in R8 is called a (Λ, r0)-perimeter minimiser or almost minimiser in U provided

Per(E;Br(x)) ≤ Per(F ;Br(x)) + Λ|E∆F |,

whenever E∆F ⊂⊂ Br(x) ∩ U , and r < r0.

We note that the compactness and regularity theory for almost-minimisers of perimeter in Euclidean
space Rn and in a closed Riemannian manifold are comparable. More precisely, if g is a C2-Riemannian
metric on B1(0) ⊂ Rn, satisfying ∥g − geucl∥C2 ≤ δ, then, provided δ > 0 is sufficiently small, we have

(1 − δ)|x− y| ≤ distg(x, y) ≤ (1 + δ)|x− y| and B(1−δ)r(x) ⊂ Bg
r (x) ⊂ B(1+δ)r(x).

Furthermore, for every Br(x) ⊂ B1−10δ(0), there is a normal change of coordinates ϕx : Bg
(1+δ)r(x) →

Bg
(1+δ)r(x) in which the metric satisfies ∥(ϕ∗

xg)(z) − geucl∥ ≤ Cδ|x − z|2. Furthermore, if E is (Λ, r0)-

perimeter minimising in (B1, g), then E is (Λ + Cδ, (1 − δ)r0)-perimeter minimising in (B1−10δ, geucl),
where the constant C > 0 depends only on n,Λ, and Per(E;B1(0)). Compactness results for al-
most minimisers can be found in [Mag12, Section 21.5], while their regularity results, with identical
conclusions on the singular set as for isoperimetric regions, is contained in [Mag12, Part 3].

Definition 2. Given an open set U ⊂ R8, a set of locally finite perimeter E in R8 is a volume-
constrained minimiser in U if

Per(E;U) ≤ Per(F ;U),

whenever Vol(E ∩ U) = Vol(F ∩ U) and E∆F ⊂⊂ U .
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Arguing as in [Mag12, Example 16.13], we see that isoperimetric regions are volume constrained
minimisers, while [Mag12, Example 21.3] shows that volume constrained minimisers are (Λ, r0)-almost
minimisers for Λ ≥ 0 and r0 > 0, depending only on E and U . Alternatively, [Mag12, Example 21.2]
guarantees that minimisers of the prescribed mean curvature problem are (Λ, r0)-perimeter minimisers
with r0 arbitrary, and Λ being the mean curvature value. See also [CES22, Appendix B]. Thus, by
the above reasoning, the notion of volume constrained minimisers extends in a natural way to closed
Riemannian manifolds; with compactness and regularity results, again with identical conclusions on
the singular set as for isoperimetric regions, following by a volume-fixing argument similar to that of
the proof of Lemma 1. In particular, given δ > 0 and a Riemannian metric, g, on Bδ we will write

VCM(δ, g) = {E ∈ C(Bδ) |E is a volume constrained minimiser in (Bδ, g)};

this notation will used when defining the singular capacity for isoperimetric regions in Section 5.

2.3 Twisted Jacobi fields and a spectral theorem

In this subsection we introduce a suitable notion of Jacobi field for constant mean curvature hy-
persurfaces with isolated singularities which respects their stationarity with respect to only volume
preserving deformations.

Given Ω ∈ I(g, t), associated to the second variation of the area functional we have the following
quadratic form on functions ϕ ∈ C1

c (Σ) given by

QΣ(ϕ, ϕ) =

∫
Σ

(
|∇ϕ|2g − (|IIΣ|2g + Ricg(νΣ,g, νΣ,g))ϕ

2
)
dAg,

where IIΣ is the second fundamental form of Σ and Ricg(νΣ,g, νΣ,g) is the Ricci curvature of M with
respect to the metric g evaluated on the unit normal, νΣ,g, to Σ. We then define the Jacobi operator
associated to the second variation to be

LΣ,g = ∆g +
(
|IIΣ|2g + Ricg(νΣ,g, νΣ,g)

)
,

where ∆g is the Laplace operator with respect to the metric g. As in [BdE88, BB00] we define the
function spaces

DT (Σ) =

{
ϕ ∈ C∞

c (Σ)

∣∣∣∣ ∫
Σ

ϕ dAg = 0

}
,

and for each p ≥ 1

Lp
T (Σ) =

{
ϕ ∈ Lp

g(Σ)

∣∣∣∣ ∫
Σ

ϕ dAg = 0

}
.

We define the twisted Jacobi operator for ϕ ∈ C∞
c (Σ) by setting

L̃Σ,gϕ = LΣ,gϕ− 1

|Σ|g

∫
Σ

LΣ,gϕ dAg,

which we note is L2 self-adjoint when restricted to DT (Σ). Recall that, as mentioned in Subsection
2.1, in the above and hereafter when dealing with averaged integrals we are writing |Σ|g = Perg(Σ) for
notational convenience. We are restricting the quadratic form, QΣ, (or more precisely its associated
bilinear form) to a different function space in order to capture a suitable notion of stability for constant
mean curvature hypersurfaces; often referred to as weak stability, e.g. [BdE88], which in particular
ensures that Euclidean spheres are (weakly) stable.

We now generalise the notion of twisted Jacobi fields:

12



Definition 3 (Twisted Jacobi fields). Given Ω ∈ I(g, t), we say that a function u ∈ L1
T (Σ) ∩C2

loc(Σ)

is a twisted Jacobi field on Σ if L̃Σ,gu = 0 pointwise on Σ.

Remark 4. If Σ has no singularities then this definition agrees with the notion of twisted Jacobi field
introduced in [BdE88].

We now introduce function spaces adapted to the singular geometry. We first observe the following:

Lemma 3. For each Ω ∈ I(g, t) there exists a constant C > 0, depending on Σ, g, and t, such that
for all ψ ∈ C1

c (Σ) we have
QΣ(ψ, ψ) + C∥ψ2∥L2

g(Σ) ≥ 0.

Proof. This is an adaptation of [LW25, Lemma D.1] to the case where Σ is locally stable with constant
mean curvature. In particular, following the same computation we obtain the inequality

QΣ(ψ, ψ) ≥
∫
Σ

ψ2
∑
j≥1

ρj∆Σρj,

where {ρj}j≥1 is a partition of unity subordinate to a finite cover of Σ by open sets in each of which
Σ is stable. Noting that ∆gf = ∇2f(νΣ,g, νΣ,g) +HΣνΣ,g(f) + ∆Σf, where HΣ denotes the (constant)
mean curvature of Σ, we compute that

|∆Σρj| = |∆gρj −∇2ρj(νΣ,g, νΣ,g) −HΣνΣ,g(ρj)| ≤ n|∇2ρj(νΣ,g, νΣ,g)| + |HΣ||∇ρj|.

Thus we see that |
∑

j ρj ·∆gρj| ≥ −C for a constant C > 0, depending on Σ, g, and t as desired.

Definition 4. Given Ω ∈ I(g, t), for ψ ∈ C1
c (Σ) we define the norm

∥ψ∥B(Σ) = QΣ(ψ, ψ) + (C + 1)∥ψ∥L2(Σ),

where C > 0 is as in in Lemma 3. We then define the Hilbert spaces B(Σ) = C1
c (Σ)

B
(i.e. the

completion with respect to the B norm as defined above) and BT (Σ) = B(Σ) ∩ L2
T (Σ), both equipped

with the L2 inner product.

Remark 5. The above Hilbert spaces serve as suitable replacements for the standard Sobolev spaces
for inverting the twisted Jacobi operator in the presence of isolated singularities. As remarked in
[Wan23, Section 5.3.1], W 1,2

0 is only subset of B0 in general; however, when every singularity is
strongly isolated with strictly stable tangent cone, we have W 1,2

0 = B0. We refer to [Wan23, Example
5.3.3] for an example where this equality fails (which is always the case if some isolated singularity
has a tangent cone which is not strictly stable).

Definition 5 (Weak twisted Jacobi fields). Given h ∈ L2
T (Σ) and Ω ∈ I(g, t), we say that a function

u ∈ BT (Σ) is a weak solution to L̃Σ,gu = h if for each ϕ ∈ C∞
c (Σ) we have QΣ(u, ϕ) = ⟨u, h⟩L2

g(Σ).
In particular, we say that u ∈ BT (Σ) is a weak twisted Jacobi field on Σ if it is a weak solution

to L̃Σ,gu = 0. We denote the collection of all weak twisted Jacobi fields on Σ by

KerL̃Σ,g = {ω ∈ BT (Σ) | L̃Σ,gω = 0} ⊂ BT (Σ),

and say that Σ is non-degenerate if KerL̃Σ,g = {0} (and degenerate if not).
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Remark 6. One can show, e.g. as in [Niu24b, Corollary 4.2.22], that weak solutions as defined above
are in fact smooth. The method of proof is similar to establishing higher interior regularity for linear
elliptic equations, the only difference being that we test with integral zero functions.

We note that by Lemma 3, QΣ extends to a well defined quadratic form on BT (Σ), which continuously
embeds into L2; in fact, this embedding is compact and we establish the following spectral theorem
for twisted Jacobi fields:

Theorem 3 (Spectral theorem for the twisted Jacobi operator). Given Ω ∈ I(g, t), we have that:

1. B(Σ) and BT (Σ) are compactly embedded in L2(Σ) and L2
T (Σ) respectively.

2. There exists a strictly increasing sequence, σp(Σ) = {λj}j≥1, diverging to infinity and finite-
dimensional pairwise L2-orthogonal linear subspaces, {Ej}, of BT (Σ) ∩ C∞(Σ) such that

−L̃Σ,gψ = λjψ

for all ψ ∈ Ej. Furthermore,

L2
T (Σ) = spanL2{Ej}j≥1 and BT (Σ) = spanB{Ej}j≥1,

where the notation above denotes the closure of the span in the respective subscript norm.

3. For each f ∈ (KerL̃Σ,g)
⊥ = {g ∈ L2(Σ) | ⟨g, ω⟩L2(Σ) = 0 for all ω ∈ KerL̃Σ,g} there exists a

unique ψ ∈ BT (Σ) ∩ (KerL̃Σ,g)
⊥ such that

−L̃Σ,gψ = f

on Σ and with the estimate

∥ψ∥B(Σ) ≤ C∥f∥L2(Σ),

for a constant C > 0, depending on Σ and g.

Proof. For the first part, just as in [LW25, Lemma D.3/Lemma E.1], the compact embeddings follow
by establishing an L2 non-concentration estimate near Sing(Σ) of the form in [Wan20, Lemma 3.9].
Precisely, given Ω ∈ I(g, t), for each ε > 0 one can show that there is an open neighbourhood, Vε, of
Sing(Σ) in M such that ∫

Vε∩Σ
ϕ2 dAg ≤ ε · ∥ϕ∥2B(Σ)

for all ϕ ∈ C1
c (Σ). As the space of test functions used is the same as in [LW25, Lemma E.1] and

the argument hinges on the Michael–Simon–Sobolev inequality (see [MS73]) through an embedding
into Euclidean space, the same proof there carries through identically in our setting since the mean
curvature of Σ is bounded by Lemma 2. Using the same reasoning as [Wan20, Proposition 3.5] we
obtain the compact embeddings for part 1 as desired.

Given part 1, parts 2 and 3 then follow as discussed in the proof of [LW25, Lemma D.3]; namely part
2 follows by applying [GT01, Theorem 8.37] with the B norm in place of the W 1,2

0 norm, and part 3
follows from the spectral decomposition in part 2. More details on these arguments can be found in
[Niu24b, Theorem 4.2.17].

Remark 7. We note that an analogue of Theorem 3 in the case that Sing(Σ) = ∅ for the twisted
Jacobi operator was established in [BB00, Proposition 2.2].
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3 Asymptotic rates and metric perturbations

In this section we study the behaviour of isoperimetric regions near isolated singularities and show
that, provided a suitably defined growth rate for the hypersurface is sufficiently fast, we can remove
these singularities by global metric perturbation.

3.1 Definitions and perturbation functions

We first introduce the notion of asymptotic rates and growth rates for functions defined on the
boundaries of isoperimetric regions and regular cones:

Definition 6. Given Ω ∈ I(g, t), p ∈ Sing(Σ), v ∈ L2
g,loc(Σ), C ∈ C , w ∈ L2

loc(C), and K > 1, we
define:

• The asymptotic rate of v at p to be

ARp(v) = sup

{
γ

∣∣∣∣ lim
s↘0

∫
A(p,s,2s)

v2 · ρ−n−2γ d|Σ|g = 0

}
,

and the growth rate of v at p to be

Jγ
K;Σ,g(v; r) =

(∫
A(p;K−1r,r)

v2 · ρ−n−2γ d|Σ|g
) 1

2

,

where ρ(x) = distg(x, p).

• The asymptotic rate of w at infinity to be

AR∞(w) = inf

{
γ

∣∣∣∣ lim
s↗+∞

∫
A(s,2s)

w2(x) · |x|−n−2γ d|C|(x) = 0

}
,

and the growth rate of w on C to be

Jγ
K;C(w; r) =

(∫
A(K−1r,r)

w2(x) · |x|−n−2γ d|C|(x)

) 1
2

.

• For a stationary integral 7-varifold, V , in R8\BR0 for some R0 > 0, we say that V is asymptotic
to C at infinity if V R8\BR0 = |graphgeucl

C\BR0
(w)| and ∥w∥C2

∗(A(R,2R)) → 0 as R → ∞ for some

w ∈ L2
loc(C); for such a varifold, V , asymptotic to C at infinity we write AR∞(V ) = AR∞(w).

Moreover, if Σ ⊂ R8 \BR0 is a hypersurface asymptotic to C, we define AR∞(Σ) = AR∞(|Σ|).

For the above definitions we adopt the convention that inf ∅ = ∞ and inf R = −∞.

Remark 8. By expressing Σ in conical coordinates over its tangent cone CpΣ, there is some constant
C > 0, depending on the radius in which these coordinates are defined, such that

C−1Jγ
K;C(u; r)2 ≤ Jγ

K;Σ,g(u; r)2 ≤ CJγ
K;C(u; r)2.

Remark 9. If v grows at a rate rγ on approach to p ∈ Sing(Σ), then we should expect ARp(v) = γ.
More precisely, if we suppose ARp(v) ∈ R, then ARp(v) < γ implies that lim supt→0+J

γ
K;Σ,g(ϕ; t) = ∞,

and similarly ARp(v) > γ implies lim inft→0+J
γ
K;Σ,g(ϕ; t) = 0.
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Definition 7. Given Ω ∈ I(g, t), a function v ∈ L2
g,loc(Σ) is of slow growth if for each p ∈ Sing(Σ)

we have
ARp(v) ≥ γ+2 (CpΣ),

and we let Ker+L̃Σ,g ⊂ KerL̃Σ,g be the space of twisted Jacobi fields which are of slow growth. We say
that Ω, or equivalently Σ, is semi-nondegenerate if

Ker+L̃Σ,g = {0},

i.e. the only twisted Jacobi field of slow growth on Σ is trivial.

We record here the following useful properties of the asymptotic rate:

Lemma 4. Suppose that p ∈ Sing(Σ) and u ∈ W 2,2
g,loc(Σ) is such that LΣ,gu ∈ L∞(Σ), then:

1. ARp(u) ∈ {−∞} ∪ Γ(CpΣ) ∪ [1,+∞].

2. If u > 0 and LΣ,gu vanishes near p, then ARp(u) ∈ {γ−1 (CpΣ), γ+1 (CpΣ)}.

3. If u ∈ W 1,2
g (Σ), then ARp(u) ≥ γ+1 (CpΣ).

4. If ARp(u) > −(n− 2)/2, then ∫
Σ

|∇Σu|2 + ρ−2u2 dAg < +∞,

where ρ(x) = distg(x, p).

In particular, if u, v ∈ W 2,2
g,loc(Σ) ∩ L1

T (Σ) such that LΣ,gu, LΣ,gv ∈ L∞(Σ), and ARp(u),ARp(v) >
−(n− 2)/2, then for every p ∈ Sing(Σ) we have the following integration by parts:∫

Σ

u · L̃Σ,gv dAg =

∫
Σ

v · L̃Σ,gu dAg.

Proof. Parts 1 through 4 are precisely the content of [LW25, Lemma 2.4/Corollary D.5]. In order to
establish the integration by parts for slow growth functions we note that since u, v ∈ W 2,2

g,loc(Σ)∩L1
T (Σ),

we have ∫
Σ

u · L̃Σ,gv dAg =

∫
Σ

u ·
(
LΣ,gv −

1

|Σ|g

∫
Σ

LΣ,gv dAg

)
dAg

=

∫
Σ

u · LΣ,gv dAg.

Again by [LW25, Lemma 2.4/Corollary D.5] we can then apply the integration by parts formula there
(since LΣ,gu, LΣ,gv ∈ L∞(Σ)) to see that∫

Σ

u · LΣ,gv dAg =

∫
Σ

LΣ,gu · v dAg,

then by reversing the calculation above with the roles of u and v swapped this yields the integration
by parts for slow growth functions as desired.
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Remark 10. By Lemma 4 part 4, we see that every twisted Jacobi field of slow growth actually belongs
to W 1,2

g (Σ). As a consequence, if Σ is nondegenerate, so that in the notation of Theorem 3 part 2

we have 0 /∈ σp(Σ) (i.e. 0 is not an eigenvalue of −L̃Σ,g), then in fact Σ is also semi-nondegenerate;
hence if Sing(Σ) = ∅, semi-nondegeneracy coincides with the usual notion of nondegeneracy. When
Sing(Σ) ̸= ∅ however, semi-nondegeneracy does not in general guarantee either degeneracy or non-
degeneracy of Σ.

Given a semi-nondegenerate isoperimetric region, we now produce a set of functions that later will be
utilised in order to perturb away isolated singularities by a conformal change in metric:

Proposition 1 (Perturbation functions). If Σ is semi-nondegenerate then we have that the set Vk,α,
defined to be{

f ∈ Ck,α(M)

∣∣∣∣ L̃Σ,gu = νΣ,g(f) − 1

|Σ|g

∫
Σ

νΣ,g(f) dAg has no slow growth solution u ∈ L1
T (Σ)

}
,

contains some open and dense subset of Ck,α(M).

Proof. We consider cases on KerL̃Σ,g = {ω ∈ BT (Σ) | L̃Σ,gω = 0}. First, if KerL̃Σ,g ̸= {0} then we

guarantee the existence of some non-zero w ∈ KerL̃Σ,g ⊂ BT (Σ). If h = νΣ,g(f) − 1
|Σ|g

∫
Σ
νΣ,g(f)

and we had some slow growth solution, u ∈ L1
T (Σ), to L̃Σ,gu = h then, by integrating by parts from

Lemma 4, we have for every such ω ∈ KerL̃Σ,g (noting that in particular w ∈ L1
T (Σ)) that∫

Σ

w · h dAg =

∫
Σ

w · L̃Σ,gu dAg =

∫
Σ

L̃Σ,gw · u dAg = 0;

thus h ∈ (KerL̃Σ,g)
⊥. We therefore see from Theorem 3 part 3 that

Ck,α(M) \ Vk,α =

{
f ∈ Ck,α(M)

∣∣∣∣ νΣ,g(f) − 1

|Σ|g

∫
Σ

νΣ,g(f) dAg ∈ (KerL̃Σ,g)
⊥
}
,

from which we conclude that, since in this case dim(KerL̃Σ,g) <∞ by Theorem 3 part 2, Ck,α(M)\Vk,α

forms a proper closed linear subspace of Ck,α(M); hence Vk,α is open and dense in Ck,α(M).

If KerL̃Σ,g = {0}, first choose r ∈
(

0, inj(Σ,g)
2

)
sufficiently small so that for each p ∈ Sing(Σ) the

Jacobi operator −LΣ restricted to Bg
2r(p) ∩ Σ has positive first eigenvalue (e.g. as shown in [LW25,

Claim E.1]); note also that the sets {Bg
2r(p)}p∈Sing(Σ) are pairwise disjoint. Exactly as in [LW25, Proof

of Lemma D.6] for each p ∈ Sing(Σ) we define ξp, ξ̌p ∈ B(Bg
r (p) ∩ Σ) = C1

c (Bg
r ∩ Σ)

B
as the unique

positive solutions, guaranteed by the maximum principle and [LW25, Lemma D.3] (the non-twisted
analogue of Theorem 3), to{

LΣ,gξp = 0 on Bg
r (p)

ξp = 1 on ∂Bg
r (p)

and

{
(1 − LΣ,g ξ̌p) = 0 on Bg

r (p)

ξp = 1 on ∂Bg
r (p)

,

respectively. Then ξp ≥ ξ̌p > 0, and by Lemma 4 parts 1 and 2 we ensure that both ARp(ξp) =

ARp(ξ̌p) = γ+1 (CpΣ) and ξp(x), ξ̌p(x) → ∞ as x → p. In particular whenever lim supx→p
|u(x)|
ξp(x)

> 0 we

have ARp(u) ≤ γ+1 (Cp), which is saying that u does not have slow growth at p ∈ Sing(Σ). We then
consider the sets

Vp =

{
h ∈ L∞

g (Σ) ∩ L1
T (Σ)

∣∣∣∣ L̃Σ,gu = h has unique solution u ∈ BT (Σ) with lim sup
x→p

|u(x)|
ξp(x)

> 0

}
;
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where the uniqueness of such solutions in the definition of Vp follows from Theorem 3 part 3. We then
define

G =
⋂

p∈Sing(Σ)

{
f ∈ Ck,α(M)

∣∣∣∣ νΣ,g(f) − 1

|Σ|g

∫
Σ

νΣ,g(f) dAg ∈ Vp

}
⊂ Vk,α; (2)

we will show that the set G is open and dense in Ck,α(M).

We first note that if Vp is open in L∞
g (Σ) ∩ L1

T (Σ) (with respect to the supremum norm), then this
implies that the set {

f ∈ Ck,α(M)

∣∣∣∣ νΣ,g(f) − 1

|Σ|g

∫
Σ

νΣ,g(f) dAg ∈ Vp

}
is open in Ck,α(M); thus if we can show that Vp is open in L∞

g (Σ) ∩ L1
T (Σ) for each p ∈ Sing(Σ), we

conclude that G is also open in Ck,α(M).

To show this we first establish that if h ∈ (L∞
g (Σ)∩L1

T (Σ))\{0} and u ∈ BT (Σ) is such that L̃Σ,gu = h,
then there is some constant C > 0, depending on Σ,M, and g, such that

∥LΣ,gu∥L∞(Σ) ≤ C∥h∥L∞(Σ). (3)

Since in particular h ∈ L1
T (Σ), we thus have that LΣ,gu − h = 1

|Σ|g

∫
Σ
LΣ,gu dAg is constant. We now

bound the constant Cu = 1
|Σ|g

∫
Σ
LΣ,gu dAg in terms of ∥h∥L∞(Σ); noting that it suffices to bound it at

an arbitrary point in Σ.

Fix disjoint open sets U, V ⊂⊂ Σ, non-negative ϕ1 ∈ C∞
c (U) \ {0} and ϕ2 ∈ C∞

c (V ) \ {0} such that∫
Σ
ϕ1 dAg = −

∫
Σ
ϕ2 dAg. As L̃Σ,gu = h and ϕ1 + ϕ2 ∈ DT (Σ) \ {0} we have, after integrating by parts

(since ϕ1, ϕ2 are supported away from Sing(Σ)), that

QΣ(u, ϕ2) + ⟨h, ϕ2⟩ = ⟨LΣ,gu− h, ϕ1⟩ = Cu · ∥ϕ1∥L1(Σ).

We then bound
|Cu| · ∥ϕ1∥L1(Σ) ≤ |QΣ(u, ϕ2)| + ∥h∥L2(Σ) · ∥ϕ2∥L2(Σ).

Using Theorem 3 part 3 we have that

|QΣ(u, ϕ2)| ≤ C∥u∥B(Σ) · ∥ϕ2∥B(Σ) ≤ C∥h∥L2(Σ) · ∥ϕ2∥B(Σ).

Combining the above estimates we see that there exists some constant C > 0, depending on Σ, M , g,
and the choice of ϕ1, ϕ2, such that

|Cu| ≤ C∥h∥L∞(Σ),

and so we see that (3) holds as desired.

To show that Vp is open for each p ∈ Sing(Σ) we will show that its complement is closed by deducing

that lim supx→p
|u(x)|
ξp(x)

is a continuous function of h, where L̃Σ,gu = h; as L̃Σ,g is linear it suffices to

verify this at the zero function. If ∥h∥L∞
g (Σ) ≤ 1, we set Ĉ = max{1+C,C̃}

κ
where C > 0 is as in (3),

|u| ≤ C̃ on ∂Bg
r (p) (such a constant exists by Theorem 3 part 3), and κ = infBg

r (p) ξ̌p > 0, then we

compute that on ∂Bg
r (p) we have |u| ≤ C̃ ≤ Ĉκ ≤ Ĉ(2ξp − ξ̌p) by definition and that by (3) on Bg

r (p)
we have

|LΣ,gu| ≤ ∥h∥L∞
g (Σ) + Cu ≤ 1 + C ≤ (1 + C)

ξ̌p
κ

≤ ĈLΣ,g(2ξp − ξ̌p).
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Then by applying the comparison/weak maximum principle we see that |u| ≤ Ĉ(2ξp − ξ̌p) ≤ 2Ĉξp on

Bg
r (p) and hence the operator norm of lim supx→p

|u(x)|
ξp(x)

is bounded by 2Ĉ. Thus we deduce that Vp is

open for each p ∈ Sing(Σ), and hence G is open as argued above.

To conclude that G is dense we note that given η ∈ Vp, ζ ∈ (L∞
g (Σ) ∩ L1

T (Σ)) \ Vp, and c ∈ R \ {0}
we have cη + ζ ∈ Vp. Given this, we now claim that it is sufficient to establish the denseness of G
by showing that C∞

c (Σ) ∩ Vp ̸= ∅ for each p ∈ Sing(Σ). To see this, given any h ∈ Ck,α(M) \ G, as
νΣ,g(h) − 1

|Σ|g

∫
Σ
νΣ,g(h) dAg ∈ (L∞

g (Σ) ∩ L1
T (Σ)) \ Vp for each p ∈ Sing(Σ), then if η ∈ C∞

c (Σ) ∩ Vp for

some p ∈ Sing(Σ) then we have that cη+νΣ,g(h)− 1
|Σ|g

∫
Σ
νΣ,g(h) dAg ∈ Vp. For any f ∈ Ck,α(M) with

νΣ,g(f) = η on Σ (which exists since η ∈ C∞
c (Σ)), we ensure that cf + h ∈ G (since νΣ,g(cf + h) =

cη + νΣ,g(h) and in particular η ∈ L1
T (Σ)) and is arbitrarily close to h in Ck,α(M) norm by taking c

small.

We now construct some η ∈ C∞
c (Σ) ∩ Vp which will conclude the denseness. Consider a smooth

cutoff function χ ∈ C∞(R) identically equal to one if |x| ≤ 1
2

and zero if |x| ≥ 3
4
, and consider

ξ̃p(x) = χ(dΣ(x,p)
τp

) · ξp(x); we then see that both ARp(ξ̃p) = γ+1 (Cp) and ξ̃p ∈ L1(Σ). We then choose

f ∈ C∞
c (Σ) such that

∫
Σ
f dAg = −

∫
Σ
ξ̃p dAg, so that ξ̃p + f ∈ L1

T (Σ). Next, we may choose a

further function h ∈ C∞
c (Σ) ∩ L1

T (Σ) such that 1
|Σ|g

∫
Σ
LΣ,gh dAg = − 1

|Σ|g

∫
Σ
LΣ,g(ξ̃p + f) dAg (to do

this one can consider scaling the sum of two integral zero test functions with disjoint support). Setting

η = L̃Σ,g(ξ̃p + f + h), we then have that η ∈ C∞
c (Σ) ∩ L1

T (Σ) and since ξ̃p + f + h = ξp near p we

ensure that η ∈ C∞
c (Σ) ∩ Vp also (as LΣ,g(ξ̃p + f + h) = 0 near p).

3.2 Induced twisted Jacobi fields and metric perturbations

The aim of this subsection is to prove the following theorem, which will ultimately allow us to perturb
away singularities of isoperimetric regions under appropriate assumptions on the asymptotic growth
rate:

Theorem 4 (Induced twisted Jacobi fields). Suppose that for t ∈ R we have (gj,Ωj) → (g,Ω) in
Pk,α(t) with Σj ̸= Σ for all j ≥ 1, and one of the following cases hold:

(i) gj = g for all j ≥ 1.

(ii) gj = (1 + cjfj)g where fj → f in C4(M), νΣ,g(f) is not constant on Σ, and cj → 0.

Then, there exists some non-zero ϕ ∈ C2
loc(Σ) with ARp(ϕ) ≥ γ−1 (Cp) for each p ∈ Sing(Σ), induced

by the sequence (gj,Ωj), such that:

1. In case (i) above, ϕ is a twisted Jacobi field.

2. In case (ii), L̃Σ,gϕ = c
(
νΣ,g(f) − 1

|Σ|g

∫
Σ
νΣ,g(f) dAg

)
and

∫
Σ
ϕ dAg = c

(
n
2

∫
Ω
f dVg

)
for some

constant c ≥ 0.

Proof. We first consider case (i). For each p ∈ Sing(Σ) and arbitrary γp ∈ (γ−2 (Cp), γ
−
1 (Cp)) we choose

parameters in order to apply Lemma A.2. Namely, let σ = infp∈Sing(Σ) distR(γp,Γ(Cp)∪ {−n−2
2
}) > 0,

κ = 1, Λ ≥ 1 be sufficiently large so that for each p ∈ Sing(Σ) we have Cp ∈ CΛ, K > 2 determined
by these choices of σ and Λ and sufficiently large so that Σ can be written in conical coordinates in
B 2

K
(Sing(Σ)). We then produce δ > 0 as in the conclusion of Lemma A.2 so that, up to rescaling,
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we may assume that around each p ∈ Sing(Σ) the hypothesis (i) and (ii) of Lemma A.2 are satisfied.
Now, if property (1) of Lemma A.2 were to occur for some p ∈ Sing(Σ), then we have some stationary
varifold, V∞, in Rn+1 which is asymptotic to Cp but with AR∞(V∞) < γp, which contradicts Lemma
A.3. Thus property (1) cannot occur and thus only property (2) of Lemma A.2 can occur for each
p ∈ Sing(Σ).

As Ωj → Ω in L1 we have that the varifolds Σj → Σ and hence, for sufficiently large j ≥ 1, there
exists a sequence of rescaled graphing radii, sj → 0, (i.e. rescalings of τj in Lemma A.2) and graphing
functions, vj ∈ C2

loc(Σ) such that ∥vj∥C2
∗(Σ\Bsj (Sing(Σ))) ≤ δ and

Σj \Bsj(Sing(Σ)) = graphg
Σ(vj) \Bsj(Sing(Σ))).

Since only property (2) of Lemma A.2 can hold in particular we must have for each t ∈ (K3sj, 1), we
have

J
γp
K;Σ,g(vj;K

−1t) ≤ J
γp
K;Σ,g(vj, t), (4)

which in particular implies that given some U ⊂⊂ Σ \Bsj(Sing(Σ)) if j ≥ 1 is sufficiently large then∫
U

v2j dAg ≤ C ·
∫
Σ\BK−1 (Sing(Σ))

v2j dAg,

where the constant C > 0 depends on U but is independent of j ≥ 1. Set aj = ∥vj∥L2(Σ\BK−1 (Sing(Σ)),
which is strictly positive since Σj ̸= Σ for all j ≥ 1 with aj → 0 since Σj → Σ as j → ∞, we ensure
that the function

vj
aj

is such that ∥ vj
aj
∥L2(U) ≤ C.

By Proposition A.1 applied in the case that f± = 0, u = vj, and v = 0 we deduce that for Ũ ⊂⊂ U

there is some constant C > 0, depending on Ũ , U,Σ, g, and δ, such that∫
Ũ

|∇vj|2 ≤ C

∫
U

v2j . (5)

Using this, we can argue similarly to [Niu24b, Theorem 4.2.21] to obtain a W 2,2 bound on the vj in

any subset of Ũ , then a bootstrapping argument using [GT01, Proposition 9.11] implies that, by (5),
the W 2,2 control, and the L2 bounds on

vj
aj

above, we ensure the existence of some non-zero function,

ϕ ∈ C2
loc(Σ), with

vj
aj

→ ϕ in C2
loc(Σ) (since g ∈ Gk,α with k ≥ 4); the fact that ϕ is non-zero follows

since ∥ vj
aj
∥L2(Σ\BK−1 (Sing(Σ))) = 1 for sufficiently large j ≥ 1. We will show that ϕ is a twisted Jacobi

field and ARp(ϕ) ≥ γ−1 (Cp) for each p ∈ Sing(Σ).

Denote by Mg the mean curvature operator with respect to the metric g and Hj and H the mean
curvature of Σj and Σ respectively, so that Mg(vj) = Hj for each j ≥ 1, we have for each ψ ∈
L1
T (Σ) ∩ C1

c (Σ) that ∫
Σ

(Mg(vj) −H) · ψ dAg = (Hj −H) ·
∫
Σ

ψ dAg = 0. (6)

Dividing both sides of (6) by aj and using the notation for the mean curvature operator as in Subsection
A.2 we have that

0 =

∫
Σ

(Mg(vj) −H)

aj
· ψ dAg =

∫
Σ

(
−LΣ,g

(
vj
aj

)
+ divΣ

(
E1(vj)
aj

)
+ r−1

S · E2(vj)
aj

)
· ψ dAg,
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which, after integrating by parts, using the estimates on the error terms, and sending j → ∞ we have∫
Σ

LΣ,gϕ · ψ dAg = 0;

thus LΣ,gϕ dAg = 1
|Σ|g

∫
Σ
LΣ,gϕ dAg, i.e. L̃Σ,gϕ = 0 on Σ.

We now show that ARp(ϕ) ≥ γ−1 (Cp) for each p ∈ Sing(Σ). By dividing both sides of (4) by a2j and
passing to the limit as j → ∞ we conclude that (4) holds with ϕ in place of vj. Now, by (4) for ϕ we
see that lim supt→0+ J

γp
K;Σ,g(ϕ; t) <∞ and thus we have ARp(ϕ) ≥ γp for each p ∈ Sing(Σ) by Remark

9. As the choice of γp ∈ (γ−2 (Cp), γ
−
1 (Cp)) was arbitrary, we conclude that ARp(ϕ) ≥ γ−1 (Cp) for each

p ∈ Sing(Σ).

We now show that
∫
Σ
ϕ = 0 which, combined with the above, implies that ϕ is a twisted Jacobi

field. Note that since Ωj,Ω ∈ I(g, t) we have Volg(Ω) = Volg(Ωj) for each j ≥ 1, thus by denoting
Vol±g (Ωj∆Ω) = Volg(Ω \ Ωj) − Volg(Ωj \ Ω) we can write

0 = Vol±g (Ωj∆Ω) = Vol±g ((Ω∆Ωj) ∩Bsj(Sing(Σ))) + Vol±g ((Ω∆Ωj) ∩ (Σ \Bsj(Sing(Σ)))).

For some constant C > 0, depending on g, we have by inclusion that

Vol±g ((Ω∆Ωj) ∩Bsj(Sing(Σ))) ≤ Cs8j .

We note that the volume change in Bsj(Sing(Σ)) controls
∫
Σ\Bsj (Sing(Σ))

vj, since if x ∈ Σ then

expx(vj(x)νΣ,g(x)) ∈ Σj is the closest point on Σj to x, and thus Vol±g ((Ω∆Ωj) ∩ (Σ \ Bsj(Sing(Σ))))
is given by∫

Σ

∫ v̄j(x)

0

θ(x, t) dt dHn
g (x) =

∫
Σ

∫ v̄j(x)

0

(1 −O(t2)) dt dHn
g (x) =

∫
Σ

v̄j(x) dHn
g (x) −O(∥v̄j∥2L2

g(Σ)),

where we denote v̄j = vj · χΣ\Bsj (Sing(Σ)), θ(x, t) the Jacobian of the exponential map based at x ∈ Σ
at distance t, and we have applied Fubini’s theorem. After rearranging and dividing by aj this gives∣∣∣∣ ∫

Σ

v̄j
aj
dAg

∣∣∣∣ ≤ C
s8j
aj

+O(∥v̄j∥L∞
g (Σ)). (7)

We will now show that s8j ≤ Ca1+β
j for some constants C, β > 0 independently of j ≥ 1 which, by the

fact that ∥v̄j∥L2
g(Σ) → 0 as j → ∞ and the above, ensures that

∫
Σ

v̄j
aj
dAg → 0; moreover, by showing

that
v̄j
aj

→ ϕ in L1(Σ) we will conclude that
∫
Σ
ϕ = 0 from the convergence in L1(Σ).

We now deduce the estimate sj ≤ Ca
1

1−γ̃

j for each γ̃ < γp satisfying 8
1−γ̃

> 1 for some constant C > 0,

depending on γ̃. By defining bj = ∥vj∥L∞(Σ\B2K−1 (Sing(Σ)), we will in fact show that sj ≤ b
1

1−γ̃

j where
γ̃ is chosen as above; from which the above follows since by the reasoning following (5) there exists
some constant C > 0 independent of j, but depending on δ, such that bj ≤ Caj. Assuming for a

contradiction that bj < s1−γ̃
j for sufficiently large j, then by defining v̂j(x) =

vj(sjx)

sj
on A(p; 1, 1

Ksj
) we

ensure in particular that

∥v̂j∥L∞(A(p; 1
K2sj

, 1
Ksj

)) ≤
bj
sj
< s−γ̃

j .
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We then see that by Remark 8 that for some constant C > 0 we have

J
γp
K;Σ,g

(
v̂j;

1

Ksj

)2

≤ CJ
γp
K;Cp

(
v̂j;

1

Ksj

)2

= C

∫
A

(
1

K2sj
, 1
Ksj

) v̂2j |x|−n−2γp d∥Cp∥ < Cs
2(γp−γ̃)
j ,

and thus J
γp
K;Σ,g

(
v̂j;

1
Ksj

)
→ 0 as j → ∞. However, by writing (4) for v̂j we deduce that J

γp
K;Σ,g(v̂j;K

l)

is increasing for integers 3 ≤ l ≤ logK( 1
sj

) − 1 and hence

J
γp
K;Σ,g

(
v̂j;K

3
)
≤ J

γp
K;Σ,g

(
v̂j;

1

Ksj

)
.

Since v̂j → h ∈ C2
loc(Cp \ B1) in C2

loc where h is the graph of a stationary varifold, V , which is
asymptotic to but not equal to Cp (obtained as a limit of s−1

j Σj), for all large j we see that

J
γp
K;Σ,g

(
v̂j;K

3
)
>

1

2
J
γp
K;Cp

(
h;K3

)
> 0

where the right hand term is strictly positive since h ̸= 0 (since V ̸= Cp). This is a contradiction

since we saw that J
γp
K;Σ,g

(
v̂j;

1
Ksj

)
→ 0 as j → ∞. Thus, for each γ̃ < γ such that 8

1−γ̃
> 1, there is a

constant C > 0 such that sj ≤ Ca
1

1−γ̃

j for each j; we then immediately see that
∫
Σ

v̄j
aj

→ 0.

We now establish the existence of an integrable dominating function for
v̄j
aj

which, combined with the

above and the dominated convergence theorem, will allow us to show that
∫
Σ
ϕ = 0. Similarly to the

above, we have that J
γp
K;Σ,g(vj;K

l) is increasing for integers logK(sj) − 1 ≤ l ≤ −1; for this range of l
we thus have that

J
γp
K;Σ,g

(
vj
aj

;K l

)
≤ J

γp
K;Σ,g

(
vj
aj

;
1

K

)
→ J

γp
K;Σ,g

(
ϕ;

1

K

)
as j → ∞. (8)

Setting v
(r)
j (x) =

vj(rx)

r
on A(p;

sj
r
, 1
Kr

) for each r ∈ (Ksj,
1
K

), which is the graph of the varifold 1
r
Σj

over Σ, again by the reasoning following (5) we deduce that (since A(p; 1
K
, 1) ⊂ A(p;

sj
r
, 1
Kr

)) we have
some constant C > 0, depending on δ, such that we have

∥v(r)j ∥L∞(A(p; 1
K
,1)) ≤ C∥v(r)j ∥L2(A(p; 1

2K
,1));

relying in particular on the fact that ∥vj∥C2
∗(Σ\Bsj (Sing(Σ))) ≤ δ. After scaling back we see that this

gives
∥vj∥L∞(A(p; r

K
,r)) ≤ Cr−

n
2 ∥vj∥L2(A(p; r

2K
,r)).

For sufficiently large j ≥ 1 we consider r = K l for logK(sj) − 1 ≤ l ≤ −1, which by (8) gives that for
some constant C > 0 independent of j ≥ 1, but depending on K, we have∣∣∣∣∣∣∣∣vjaj

∣∣∣∣∣∣∣∣
L2(A(p;Kl−1,Kl))

≤ C · Jγp
K;Σ,g

(
vj
aj

;K l

)
(K l)γ+

n
2 ≤ C · Jγp

K;Σ,g

(
ϕ;

1

K

)
(K l)γ+

n
2 = C(K l)γ+

n
2 .

Combining the above two estimates we deduce that∣∣∣∣∣∣∣∣vjaj
∣∣∣∣∣∣∣∣

L∞(A(p;Kl−1,Kl))

≤ C · (K l)γ,
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which shows that, since x ∈ (K l−1, K l) for some l, for each x ∈ A(p; sj,
1
K

) we have∣∣∣∣vjaj
∣∣∣∣ (x) ≤ C|x|γ,

which is integrable (since γ > −7). Combining this integrable dominating function with the fact that∫
Σ

v̄j
aj
dAg → 0 and

v̄j
aj

→ ϕ pointwise, we see by the dominated convergence theorem that
∫
Σ
ϕ = 0;

this concludes case (i) as ϕ is then a twisted Jacobi field with ARp(ϕ) ≥ γ−1 (Cp) for each p ∈ Sing(Σ).

The proof of case (ii) is similar but we alter our choice of κ > 0 when applying Lemma A.2, as we
now explain. First fix a sufficiently large open set U ⊂⊂ Σ such that νΣ,g(f) is not identically zero
on U , which we can do by the assumption on f and since Σ \BK−1(Sing(Σ)) ⊂ U , we now show that
lim infj→∞

aj
cj
> 0 where we now instead set aj = ∥vj∥L2(U).

If the claim fails, then up to a subsequence (not relabelled) we have
aj
cj

→ 0; we will now get a

contradiction from the assumption that νΣ,g(f) changes sign. Denoting Mgj the mean curvature
operator with respect to the metric gj and HΣ the constant mean curvature of Σ, we compute that,
similarly to case (i), if ∥vj∥C2

∗(U) ≤ δ and [cjfj]x,C2
∗ ≤ δ for each x ∈ Σ, where δ > 0 is the dimensional

constant from [LW25, Appendix B] (see also Subsection A.2) then

Mgj(vj) −H = −LΣ,g(vj) +
n

2
νΣ,g(cjfj) + divΣ(E1(vj)) + r−1

S E2(vj).

Now for each j ≥ 1 and ψ ∈ L1
T (Σ) ∩ C1

c (Σ) we have, after dividing by cj, that

0 =

∫
Σ

(Mgj(vj) −H)

cj
·ψ dAg =

∫
Σ

(
−LΣ,g

(
vj
cj

)
+
n

2
νΣ,g(fj) + divΣ

(
E1(vj)
cj

)
+ r−1

S

E2(vj)
cj

)
·ψ dAg.

By applying Proposition A.1, in the case that f+ = cjfj, f
− = 0, u = vj, and v = 0, along

with the reasoning following (5) above, we see that as j → ∞ we have
vj
cj

→ 0 in W 1,2
g (U) and so∫

Σ
νΣ,g(f) · ψ dAg = 0; thus νΣ,g(f) is constant, giving a contradiction.

Since we have lim infj→∞
aj
cj
> 0 we know that there is some κ > 0 such that up to a subsequence (not

relabelled) we have lim infj→∞
cj∥fj∥C4(M)

aj
≤ 1

κ
and thus there exists some constant c ≥ 0 such that

cj
aj

→ c. We now use each of the same parameters as in case (i) above but with this choice of κ > 0 and

apply Lemma A.2. By the same reasoning as for the claim just established, instead dividing now by
aj, we deduce that there exists some ϕ ∈ C2

loc(Σ) with
vj
aj

→ ϕ in C2
loc(Σ) such that ARp(ϕ) ≥ γ−1 (Cp)

for each p ∈ Sing(Σ) with

L̃Σ,gϕ = c

(
νΣ,g(f) − 1

|Σ|g

∫
Σ

νΣ,g(f) dAg

)
.

Since we have Volg(Ω) = Volgj(Ωj) we have

Volgj(Ω ∩ Ωj) − Volg(Ω ∩ Ωj) = Volg(Ω \ Ωj) − Volgj(Ωj \ Ω);

we now estimate each side of the above expression individually (notice in case 1 above that since
g = gj the left hand side of the expression above is identically zero). We will show that

Volgj(Ω ∩ Ωj) − Volg(Ω ∩ Ωj)

aj
→ c

(
n

2

∫
Ω

f dVg

)
(9)
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and that
Volg(Ω \ Ωj) − Volgj(Ωj \ Ω)

aj
→
∫
Σ

ϕ dAg. (10)

First notice that we can write

Volgj(Ω∩Ωj)−Volg(Ω∩Ωj) =

∫
Ωj∩Ω

(
(1 + cjfj)

n/2 − 1
)
dHn+1

g (x) =

∫
Ωj∩Ω

(n
2
cjfj +O(c2j)

)
dHn+1

g (x)

and thus by dividing by aj we see that (9) holds. Now, similarly to the derivation of (7), we see that
if we write

Vol±((Ω∆Ωj) \Bsj(Sing(Σ)) = Volg(Ω \ (Ωj ∪Bsj(Sing(Σ))) − Volgj(Ωj \ (Ω ∪Bsj(Sing(Σ)))

then we have that
|Vol±((Ω∆Ωj) \Bsj(Sing(Σ))| ≤ Cs8j .

Thus, we can compute similarly to case (i) that∣∣∣∣∫
Σ

v̄j
aj
dAg

∣∣∣∣ ≤ C
s8j
aj

+
O(c2j)

aj
+O(∥v̄j∥L2

g(Σ)).

Then, using the fact that ∥v̄j∥L2
g(Σ) → 0 as j → ∞, lim infj→∞

cj
aj
< ∞, and by arguing identically as

in case (i) (i.e. controlling sj by Ca1+β
j for some β > 0 and establishing the existence of a dominating

function) we deduce that
∫
Σ

v̄j
aj
dAg →

∫
Σ
ϕ dAg and so (10) holds also; thus

∫
Σ
ϕ dAg = c

(
n
2

∫
Ω
f dVg

)
as desired.

Corollary 2. With the same assumptions, if ARp(ϕ) < γ+2 (Cp) then there is an open neighbourhood,
Up ⊂M , of p such that for infinitely many j ≥ 1 we have Sing(Σj) ∩ Up = ∅.

Proof. Since ARp(ϕ) ≥ γ−1 (Cp), by Lemma 4 part 1 we have ARp(ϕ) = γ±1 (Cp). Fixing some
γ ∈ (γ+1 (Cp), γ

+
2 (Cp)) we know that ARp(ϕ) ≤ γ+1 (Cp) < γ and hence by Remark 9 property (2)

of Lemma A.2 cannot occur for this choice of γ. Thus property (1) of Lemma A.2 must occur and
hence each stationary varifold, V∞, as in the conclusion of property (2) must satisfy AR∞(V∞) < γ.
Again by Lemma 4 part 1, we conclude that AR∞(V∞) ≤ γ+1 (Cp) which by application of Lemma
A.3 implies that V∞ is smooth; hence by Allard’s theorem the Σj are regular in a neighbourhood of p
for sufficiently large j ≥ 1.

Proposition 2 (Perturbation of singularities with fast growth). Suppose that Σ is semi-nondegenerate
with Sing(Σ) ̸= ∅ and let Vk,α be chosen as in Proposition 1, (gj,Ωj) → (g,Ω) in Pk,α(t) for some
t ∈ R with Σj ̸= Σ for all j ≥ 1, and one of the following cases hold:

(i) gj = g for all j ≥ 1.

(ii) gj = (1 + cjfj)g where fj → f in C4(M) for f ∈ Vk,α with
∫
Ω
f dVg = 0, νΣ,g(f) is not constant

on Σ, and cj → 0.

Then there exists some p ∈ Sing(Σ), and an open neighbourhood, Up ⊂ M , of p, both depending on
the sequence, such that for infinitely many j ≥ 1 we have Sing(Σj) ∩ Up = ∅.

Proof. In case (i), since Σ is semi-nondegenerate we must have that any induced twisted Jacobi field,
ϕ, as in Theorem 4 cannot be of slow growth. In case (ii), as f ∈ Vk,α and

∫
Ω
f = 0, any induced

Jacobi field, ϕ, as in Theorem 4 is not of slow growth by Proposition 1. In either case, since ϕ is not of
slow growth, there exists some p ∈ Sing(Σ) such that ARp(ϕ) < γ+2 (Cp); hence by Corollary 2 there
is a neighbourhood of p in which Σj is regular for sufficiently large j ≥ 1.
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4 Bumpy metric volume pairs

In this section we will show that semi-nondegeneracy is a generic property for isoperimetric regions
in dimension eight.

4.1 Pseudo-neighbourhoods and three compactness lemmas

We first introduce a suitable notion to appropriately decompose the space of triples, and define the
following:

Definition 8 (Pseudo-neighbourhoods). Given (g, t,Ω) ∈ T k,α, Λ ≥ 1, and δ > 0 we define the
pseudo-neighbourhood, denoted Lk,α(g, t,Ω; Λ, δ), to be the set of all triples (ḡ, t̄, Ω̄) ∈ T k,α such
that:

• ∥ḡ∥Ck,α ≤ Λ.

• ∥g − ḡ∥Ck−1,α ≤ δ, |t− t̄| ≤ δ, and |Ω∆Ω̄|g ≤ δ.

• For each p ∈ Sing(Σ) there exists p̄ ∈ Sing(Σ̄) ∩ inj(Σ, g) such that θ|Σ|g(p) = θ|Σ̄|ḡ(p̄).

We endow these spaces with the topology induced by the Ck−1,α topology in the first factor, the standard
topology on R in the second factor, and in the L1 topology in the last factor. We denote by Π :
Lk,α(g, t,Ω; Λ, δ) → Gk,α × R the smooth projection map taking (ḡ, t̄, Ω̄) ∈ Lk,α(g, t,Ω; Λ, δ) to (ḡ, t̄) ∈
Gk,α × R.

Note that, in general, Lk,α(g, t,Ω; Λ, δ) is not actual neighbourhood of (g, t,Ω) in T k,α. We now
establish three compactness results for pseudo-neighbourhoods that will be utilised numerous times
throughout Subsections 4.2 and 4.3 in order to ultimately establish that semi-nondegeneracy is a
generic property for metric volume pairs:

Lemma 5 (Compactness of pseudo-neighbourhoods). For each (g, t,Ω) ∈ T k,α and Λ ≥ 1, there is
δ0 ∈ (0, 1), depending on g, t,Ω,Λ, k, and α, such that for every δ ∈ (0, δ0) the space Lk,α(g, t,Ω; Λ, δ)
is compact.

Proof. Assume for a contradiction that there exists a sequence δj → 0 so that for each j ≥ 1 we have
a sequence, {(gij, t

i
j,Ω

i
j)}i≥1 ⊂ Lk,α(g, t,Ω; Λ, δj), with no convergent subsequence. By Arzela–Ascoli

and Lemma 1, for each j ≥ 1 there exists (gj, tj,Ωj) ∈ T k,α \ Lk,α(g, t,Ω; Λ, δj) such that, up to a
subsequence (not relabelled), we have gij → gj in Ck−1,α(M), tij → tj, and |Σi

j|gij → |Σj|gj as varifolds

as i→ ∞. By the definition of Lk,α(g, t,Ω; Λ, δj), Allard’s theorem, and the upper semi-continuity of
denisty, we ensure that for each i, j ≥ 1 there are pij ∈ Sing(Σi

j) and pj ∈ Sing(Σj) such that both
θ|Σi

j |gi
j

(pij) < θ|Σj |gj (pj) and θ|Σi
j |gi

j

(pij) = θ|Σ|gj (p) for some p ∈ Sing(Σ). Since δj → 0 we ensure that

pj → p as j → ∞ which implies that as the densities of stable minimal hypercones are discrete (as
mentioned in Subsection 2.1) we have that θ|Σ|g(p) < lim supj→∞ θ|Σj |gj (pj), contradicting the upper
semi-continuity of density.

Lemma 6 (Compactness of twisted Jacobi fields). Let (g, t,Ω) ∈ T k,α and δ0 > 0 be as in Lemma 5.
Suppose that there is a sequence {(gj, tj,Ωj)}j≥1 ⊂ Lk,α(g, t,Ω; Λ, δ0) such that:

(i) (gj, tj,Ωj) → (g∞, t∞,Ω∞) in Lk,α(g,Ω, t; Λ, δ).

(ii) For each j ≥ 1 there exist non-zero twisted Jacobi field of slow growth, uj ∈ Ker+L̃Σj ,gj , on Σj,
such that ∥uj∥L2

gj
(Σj) = 1.
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Then, up to a subsequence (not relabelled), the uj converge in C
2
loc(Σ∞) to a twisted Jacobi field of slow

growth, u∞ ∈ Ker+L̃Σ∞,g∞, such that ∥u∞∥L2
g∞ (Σ∞) = 1. In particular, there exists κ1 = κ1(g, t,Ω,Λ) ∈

(0, δ0) such that for every (g′, t′,Ω′) ∈ Lk,α(g, t,Ω; Λ, κ1), we have

dim(ker+L̃Σ′,g′) ≤ dim(ker+L̃Σ,g). (11)

Proof. For fixed r > 0 and j ≥ 1 sufficiently large we have that there is some constant C > 0,
depending on Σ∞, g∞, and r, so that in particular ∥uj∥W 1,2

g (Σ∞\Bg∞
r (Sing(Σ∞)) ≤ C and thus up to a

subsequence (not relabelled) there is some u∞ ∈ W 1,2
g,loc(Σ∞) weak, and hence by by Remark 6 strong,

solution solving L̃Σ,gu∞ = 0 with uj → u∞ in C2
loc(Σ∞); so in particular u∞ ∈ KerL̃Σ∞,g∞ .

In order to show that u∞ is of slow growth with ∥u∞∥L2
g∞ (Σ∞) = 1, we note that for fixed σ ∈(

0, γgap(Λ)
2

)
and K > 2 chosen as in Lemma A.1, by the same argument as in the proof of [LW25,

Lemma 8.2], utilising conical coordinates on the Σj and Σ∞ and replacing the use of [LW25, Corollary
6.2] with Lemma A.1, we deduce that there is some constant C > 0, depending on Σ∞ and g∞, such
that whenever pj ∈ Sing(Σj) and τ > 0 is sufficiently small we have

∥uj∥L2(Bgj (pj ,τ)) ≤ Cτn/2+γ+
2 (CpjΣj)−σ. (12)

Then whenever pj → p∞ ∈ Sing(Σ∞), by applying Allard’s theorem and the varifold convergence
implied by Lemma 1 part 2, we see that up to a subsequence (not relabelled) γ+2 (CpjΣj) → γ+2 (CpΣ∞).
Since Remark 9 implies γ+2 (Cpj∂

∗Ωj) − σ > γ+1 (Cpj∂
∗Ωj) ≥ −n−2

2
, by (12) we ensure that u∞ is of

slow growth with ∥u∞∥L2
g∞ (Σ∞) = 1.

Since
∫
Σj
uj = 0 and ∥uj∥L2

gj
(Σj) = 1 for each j ≥ 1, we have, for each s > 0, that∣∣∣∣∣

∫
Σj\B

gj
s (Sing(Σj))

uj dAgj

∣∣∣∣∣ =

∣∣∣∣∣
∫
B

gj
s (Sing(Σj))

uj dAgj

∣∣∣∣∣ ≤ ∥uj∥L2
gj

(Σj)|Bs(p) ∩ Σj|1/2gj
≤ Cs7/2,

where C > 0, independent of j ≥ 1, arises from the monotonicity formula. Since uj → u∞ in C2
loc(Σ)

we may apply the dominated convergence theorem (e.g. with dominating function |u∞| + 1 for large
j ≥ 1) to see that for each s > 0 we have∣∣∣∣∣

∫
Σ\Bs(Sing(Σj))

u∞ dAg

∣∣∣∣∣ ≤ Cs
7
2 ;

sending s→ 0 we conclude that
∫
Σ∞

u∞ dAg = 0 and hence u∞ ∈ Ker+L̃Σ∞,g as desired.

For the final statement we argue by contradiction and assume that there is a sequence, {(gj, tj,Ωj)} ⊂
Lk,α(g, t,Ω; Λ, δ0) such that (gj, tj,Ωj) → (g, t,Ω) in Lk,α(g, t,Ω; Λ, δ0) but with dim(Ker+L̃Σj ,gj) >

dim(Ker+L̃Σ,g) for all j ≥ 1. Letting I = dim(Ker+L̃Σ,g) and for each j ≥ 1 choosing L2 orthonormal

u1j , . . . , u
I+1 ∈ Ker+L̃Σj ,gj , we can apply the first part of the lemma established above to see that

up to a subsequence (not relabelled) we have uij → ui for some non-zero ui ∈ Ker+L̃Σ,g for each
i = 1, . . . , I + 1. Moreover, by (12) we ensure that that the u1, . . . , uI+1 are also L2 orthonormal,

contradicting the assumption that I = dim(Ker+L̃Σ,g).
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In order to state the final compactness lemma of this subsection we introduce notation (similar to
that of [LW25, Section 7]) in order to define global graphs of isoperimetric regions over one another.
Given g, g1, g2 ∈ Gk,α, t ∈ R, Ω1 ∈ I(g1, t), and Ω2 ∈ I(g2, t), then we define the graphing function,
GΣ2

Σ1,g1 ∈ L∞(Σ1), of Σ2 over Σ1 with respect to the metric g by setting for each x ∈ Σ1

GΣ2

Σ1,g1(x) =

{
sup{t ≥ 0 | expg

x(tνΣ1,g1(x)) ∈ Ω1 for all s ∈ [0, t]} for x ∈ Ω1

inf{t ≤ 0 | expg
x(tνΣ1,g1(x)) ∈ Ω1 for all s ∈ [t, 0]} for x ∈ Σ \ Ω1

,

where νΣ1,g1 is the outward pointing unit normal to Σ1 with respect to the metric g1. Also, given
g ∈ Gk,α, t ∈ R, (g, t,Ω) ∈ T k,α, Λ > 1, δ > 0 sufficiently small, and (g1, t̄,Ω1), (g2, t̄,Ω2) ∈
Lk,α(g, t,Ω; Λ, δ) we define the following semi-metric

D[(g1, t̄,Ω1), (g2, t̄,Ω2)] = ∥g1 − g2∥L∞(M) + ∥GΣ1

Σ2,g2∥L2
g2

(Σ2) + ∥GΣ2

Σ1,g1∥L1
g1

(Σ1).

With this notation, we establish the following analogue of Theorem 4 for sequences of pairs in pseudo-
neighbourhoods, which plays a key role in establishing the results of the next subsection:

Lemma 7 (Compactness for pairs). Let (g, t,Ω) ∈ T k,α, Λ ≥ 1, tj → t, r ∈ (0, inj(Σ, g)) and δ0 > 0
be as in Lemma 5. Suppose that:

(i) For i = 1, 2, there are distinct sequences {(gij, tj,Ω
i
j)}j≥1 ⊂ Lk,α(g, t,Ω; Λ, δ0) and a further

(not necessarily distinct) sequence {(ḡj, tj, Ω̄j)}j≥1 ⊂ Lk,α(g, t,Ω; Λ, δ0) each of which converge
to (g, t,Ω) in the pseudo-neighbourhood topology.

(ii) For i = 1, 2, we have gij = (1 + cjf
i
j)ḡj where f

i
j ∈ Ck,α(M) are uniformly bounded in norm with

spt(f i
j) ⊂M \Bg

r (Sing(Σ)), (f 1
j −f 2

j ) → f∞ in C4(M) with νΣ,g(f∞) is not constant on Σ unless
f 1
j = f 2

j for all j ≥ 1 sufficiently large in which case we set f∞ = 0, and cj → 0.

If for i = 1, 2 we denote uij = G
Σi

j

Σ̄j ,ḡj
∈ L2

ḡj
(Σ̄j) and dj = D((g1j , tj,Ω

1
j), (g

2
j , tj,Ω

2
j)) > 0 then, up to a

subsequence (not relabelled), we have:

1. cj
f1
j −f2

j

dj
→ f̂∞ in Ck,α(M) and f̂∞ = cf∞ for some constant c ≥ 0.

2.
u1
j−u2

j

dj
→ û∞ in L2

g,loc(Σ) and û∞ ∈ C2
loc(Σ) is a non-zero function of slow growth.

Moreover, L̃Σ,gû∞ = n
2

(
νΣ,g(f̂∞) − 1

|Σ|g

∫
Σ
νΣ,g(f̂∞) dAg

)
and

∫
Σ
û∞ dAg = n

2

∫
Ω
f̂∞ dVg.

Remark 11. The proof of Lemma 7 parallels [LW25, Section 7] and is also similar in both its proof
and conclusions to that of Theorem 4. We note however that the conclusions of Theorem 4 part 2
differ from those of Lemma 7 part 2 since the function produced is of slow growth; this arises from the
fact that the sequences of triples in the statement all lie in the same pseudo-neighbourhood.

Proof. First, there is some constant C > 0, depending on g, such that (whenever j ≥ 1 is sufficiently
large if f 1

j ̸= f 2
j and regardless if f 1

j = f 2
j ) we have

dj ≥ ∥g1j − g2j∥L∞(M) ≥ C · cj · ∥f∞∥L∞(M) ≥ 0,
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thus up to a subsequence (not relabelled)
cj
dj

→ c ≥ 0 and hence

cj
f 1
j − f 2

j

dj
→ cf∞ = f̂∞, (13)

in Ck,α(M); this establishes part 1.

Since Σi
j → Σ for i = 1, 2 we ensure that for sufficiently large j ≥ 1 there exist radii, rj → 0, such

that ∥uij∥C2
∗(Σ\B

gj
rj

(Sing(Σi
j))

→ 0 and with

Σi
j \Bgj

rj
(Sing(Σi

j)) = graph
gij
Σi

j
(uij) \Bgj

rj
(Sing(Σi

j)).

Moreover, the difference of the graphs, wj = u1j − u2j , satisfies an equation of the form

Mḡj(wj) −Hj = −LΣ,g(wj) +
cjn

2
νΣ,g(f

1
j − f 2

j ) + divΣ(E1(wj)) + r−1
S E2(wj), (14)

in the notation of Appendix A.2, so that in particular Mḡj is the mean curvature operator with respect
to the metric ḡj, and Hj is the constant mean curvature of Σ̄j.

For fixed σ ∈ (0, γgap(Λ)
2

) and K > 2 chosen as in Lemma A.1 there is an r0 > 0 and a constant C > 0,
both depending on Σ, g, σ, and Λ, such that for the difference of the graphs, wj = u1j − u2j , whenever

p ∈ Sing(Σ̄j), τ ∈ [2rj, 2r0], and p1j ∈ Sing(Σ1
j)∩Bg1

rj
(p) we deduce that, similarly to the estimate (12)

in the proof of Lemma 6, we have

∥wj∥L2
ḡj

(Aḡj (p; τ
2
,τ)) ≤ C · dj · τ

n
2
+γ+

2 (C
p1
j
Σ1

j )−σ
. (15)

In order to deduce (15) above we observe that we can establish identical estimates to those obtained
in [LW25, Section 7.1] in our setting. To see this we note that by utilising Lemma 1 in place of
[LW25, Theorem G.1] we obtain a direct analogue of [LW25, Lemma 7.1], with near identical compu-
tations leading to analogues of [LW25, Corollaries 7.2 and 7.3]; in particular, (15) follows by a direct
application of an analogue of [LW25, Corollary 7.3].

By writing d′j = ∥wj∥L2
ḡj

(Σ̄j\B
ḡj
r0

(Sing(Σ̄j))
we now show that (compare with the proof of Theorem 4 part

2) that lim infj→∞
dj
d′j

∈ (0,∞). To see this, if lim infj→∞
dj
d′j

= 0 then dividing (13) by d′j we see that

up to a subsequence (not relabelled) we have cj
f1
j −f2

j

d′j
→ 0 in Ck,α(M), and

wj

d′j
→ w′

∞ in L2
g,loc(Σ), with

∥w′
∞∥L2

g(Σ\Bg
r0

(Sing(Σ)) = 1. However, by dividing (14) by d′j we see that additionally w′
∞ ∈ W 1,2

g,loc(Σ)

weakly, and hence by Remark 6 strongly, solves L̃Σ,gw
′
∞ = 0 with w′

∞ = 0 on Br0(Sing(Σ)) by (15);
this contradicts ∥w′

∞∥L2
g(Σ\Bg

r0
(Sing(Σ)) = 1 by unique continuation.

We now rule out the possibility that lim infj→∞
dj
d′j

= ∞, first noting that up to a subsequence (not

relabelled) we have that
wj

dj
→ w∞ in L2

g,loc(Σ). Also, similarly to the above, by dividing (14) by dj and

using (15) we see that, by similar reasoning in the paragraph before (5) in the proof of Theorem 4, w∞ ∈
W 1,2

g,loc(Σ) weakly, and hence by Remark 6 strongly, solves L̃Σ,gw∞ = νΣ,g(f̂∞) − 1
|Σ|g

∫
Σ
νΣ,g(f̂∞) dAg

with w∞ = 0 on Σ \ Br0(Sing(Σ)). Now since for i = 1, 2 we have spt(f i
j) ∩ Bg

r (Sing(Σ)) = ∅ for

all r ∈ (0, inj(Σ, g)) we see that in particular spt(f̂∞) ∩ Bg
2r0

(Sing(Σ)) = ∅ also; thus by unique
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continuation again, we must have that ω∞ = 0. As νΣ,g(f∞) is not constant on Σ (if it is non-zero)

we therefore see that we must have f̂∞ = 0 also; hence by construction we see that

∥g1j − g2j∥L∞(M)

dj
→ 0; (16)

we will exploit the definition of dj to see that this yields a contradiction. To this end we define

v
(1,2)
j = G

Σ2
j

Σ1
j ,g

1
j
∈ L2

g1j
(Σ1

j), v
(2,1)
j = G

Σ1
j

Σ2
j ,g

2
j
∈ L2

g2j
(Σ2

j), and set

d̃j = ∥v(1,2)j ∥
L2
g1
j

(Σ1
j\B

g1
j
r0
K

(Sing(Σ1
j ))

+ ∥v(2,1)j ∥
L2
g2
j

(Σ2
j\B

g2
j
r0
K

(Sing(Σ2
j ))

∈ (0, dj),

for K > 2 chosen as in Lemma A.1. We can then apply [LW25, Lemma 7.4] (which requires no
assumption on the mean curvature) which combined with the fact that w∞ = 0 to see that up to a

subsequence (not relabelled) both
v
(1,2)
j

dj
,
v
(2,1)
j

dj
→ 0 in L2

g,loc(Σ) and thus

lim inf
j→∞

d̃j
dj

= 0. (17)

By the reasoning leading to (15) above, we can establish an analogue of [LW25, Corollary 7.2(ii)]
which ensures that, arguing identically to the derivation of [LW25, (59)/(60)], we obtain the bounds

∥v(1,2)j ∥L2
g1
j

(Σ1
j )
, ∥v(2,1)j ∥L2

g2
j

(Σ2
j )
≤ O(d̃j);

combined with (16), (17), and the definition of dj this is yields a contradiction.

With lim infj→∞
dj
d′j

∈ (0,∞) established, by sending j → ∞ we deduce from (15) that up to a

subsequence (not relabelled) we have the estimate

∥wj∥C2(Σ̄j\B
ḡj
2r0

(Sing(Σ̄j)))
≤ C(d′j + dj + ∥f 1

j − f 2
j ∥C2(M)),

for a constant C > 0, depending on g,Σ, and r0. Then, by dividing (14) by dj we conclude, by
similar reasoning in the paragraph before (5) in the proof of Theorem 4, that

wj

dj
→ û∞ in C3

loc(Σ)

with û∞ ∈ C2
loc(Σ) which weakly, and hence by Remark 6 strongly, solves

L̃Σ,gû∞ =
n

2

(
νΣ,g(f̂∞) − 1

|Σ|g

∫
Σ

νΣ,g(f̂∞) dAg

)
;

moreover, by the definition of dj and the claim, we ensure that û∞ is non-zero.

By dividing (15) by dj we see that, by the reasoning in the paragraph following (12) in the proof of
Lemma 6, for each p ∈ Sing(Σ) and τ ∈ (0, r0) we have

∥û∞∥L2
g(A

g(p; τ
2
,τ)) ≤ Cτ

n
2
+γ+

2 (CpΣ)−σ,

which by definition of the asymptotic rate at p implies that ARp(Σ) ≥ γ+2 (CpΣ); i.e. that û∞ of slow
growth and so by Lemma 4 part 4 we ensure that û∞ ∈ W 1,2

g (Σ).
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It remains to show that
∫
Σ
û∞ dAg = n

2

∫
Ω
f̂∞ dVg, which follows by similar reasoning for the derivation

of (9) and (10) in proving Theorem 4 part 2 and the proof of Lemma 6. Namely, for each s > 0 and
j ≥ 1 sufficiently large we can compute similarly to as in the proof of Theorem 4 to deduce that for
some constant C > 0 independent of j ≥ 1 we have∣∣∣∣∣

∫
Σ̄j\B

ḡj
s (Sing(Σ̄j))

wj dAḡj − cj
n

2

∫
Ω1

j∩Ω2
j

(f 1
j − f 2

j ) dVḡj

∣∣∣∣∣ ≤ Cdjs
8 +O(d2j).

Thus, after dividing by dj and sending j → ∞ we see that∣∣∣∣∫
Σ\Bg

s (Sing(Σ))

û∞ dAg −
n

2

∫
Ω

f̂∞ dVg

∣∣∣∣ ≤ Cs8;

sending s→ 0 we conclude that
∫
Σ
û∞ dAg = n

2

∫
Ω
f̂∞ dVg as desired.

4.2 A Sard–Smale theorem for metric volume pairs

We define, for each (g, t,Ω) ∈ T k,α, the top part of the pseudo-neighbourhood by setting

Lk,α
top(g, t,Ω; Λ, δ) = {(g′, t′,Ω′) ∈ Lk,α(g, t,Ω; Λ, δ) | dim(ker+L̃Σ′,g′) = dim(ker+L̃Σ,g)}.

Note that this set is closed in Lk,α(g, t,Ω; Λ, δ) for δ ≤ κ1, where κ1 is as in Lemma 6. We now prove
that we can parametrise slices of the top part of each pseudo-neighbourhood by compact subsets of
the kernel of the twisted Jacobi operator:

Lemma 8. Fix (g, t,Ω) ∈ T k,α and let I = dim(ker+L̃Σ,g) < ∞. There exists constants κ2 ∈ (0, κ1)
(for κ1 as in Lemma 6) and r0 > 0, and an I-dimensional linear subspace F ⊂ Ck,α

c (M \Bg
r0

(Sing(Σ)))
with

∫
Ω
f dVg = 0 for each f ∈ F , all depending on g, t,Ω, and Λ, for which the following holds:

1. Given (g′, t′,Ω′) ∈ Lk,α
top(g, t,Ω; Λ, κ2) the map

AF : F → Ker+L̃Σ′,g′ , f 7→ πΣ′,g′

(
νΣ′,g′(f) − 1

|Σ′|g′

∫
Σ′
νΣ′,g′(f) dAg′

)
is a linear isomorphism, where πΣ′,g′ : L2

T (Σ′) → Ker+L̃Σ′,g′ denotes the orthogonal projection.

Moreover, there is no solution, u ∈ L1
T (Σ′) ∩ C2

loc(Σ
′), of slow growth to L̃Σ′,g′u = νΣ′,g′(f) −

1
|Σ′|g′

∫
Σ′ νΣ′,g′(f) dAg′ for f ∈ F \ {0}.

2. Let F · ḡ = {(1 + f)ḡ; f ∈ F}. For every (ḡ, t̄, Ω̄) ∈ Lk,α
top(g, t,Ω; Λ, κ2), the map

Pḡ,t̄,Ω̄ : Lk,α
top(g, t,Ω; Λ, κ2) ∩ Π−1(F · ḡ × {t̄}) → Ker+L̃Σ̄,ḡ,

(g′, t′,Ω′) 7→ πΣ̄,ḡ

(
GΣ′

Σ̄,ḡζΣ̄,ḡ,r0 −
1

|Σ̄|ḡ

∫
Σ̄

GΣ′

Σ̄,ḡζΣ̄,ḡ,r0 dAḡ

)
,

where ζΣ̄,ḡ,r0(x) = ζ(distg(x, Sing(Σ̄))/r0), for a fixed cutoff function ζ ∈ C∞(R, [0, 1]) such
that ζ = 0 on (−∞, 1], and ζ = 1 on [2,∞), is uniformly bi-Lipschitz onto its image with a
bi-Lipschitz constant C > 0, depending on g, t,Ω, and Λ.
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Proof. We first fix a cutoff function ζ and define ζΣ,g,r for sufficiently small r > 0 as in the statement
of part 2 above. Choosing some r0 ∈ (0, inj(Σ, g)) sufficiently small, we ensure that the map AζΣ,g,r0

:

Ker+L̃Σ,g → Ker+L̃Σ,g defined by setting

AζΣ,g,r0
(v) = πΣ,g

(
ζΣ,g,r0v −

1

|Σ|g

∫
Σ

ζΣ,g,r0v dAg

)
is a linear isomorphism; to see this we note that if AζΣ,g,r0

(v) = 0 then ζΣ,g,rv − 1
|Σ|g

∫
Σ
ζΣ,g,rv dAg ∈

(Ker+L̃Σ,g)
⊥ and so by testing with v itself we conclude that 0 =

∫
Σ
ζΣ,g,rv

2 dAg from which it follows

that v = 0 whenever r0 > 0 is chosen sufficiently small since v ∈ Ker+L̃Σ,g. We then choose an

orthonormal (with respect to the L2 inner product) basis, u1, . . . , uI , of Ker+L̃Σ,g, and for each i =
1, . . . , I choose some fi ∈ Ck,α(M \Bg

r0
(Sing(Σ)) which satisfy both νΣ,g(fi) = ζΣ,g,r0ui (such functions

exist since ζΣ,g,r0 ∈ C∞
c (Σ)) and

∫
Ω
fi dVg = 0; we then define F to be the span of the {fi}Ii=1.

As AζΣ,g,r0
was shown to be a linear isomorphism we see that the linear map πΣ,g ◦ νΣ,g is invertible,

and hence has bounded inverse, defined on Ker+L̃Σ,g, when restricted to F ; let us denote by C > 0
the operator norm of the inverse of this restriction. Since by construction F has the same dimension
as dim(Ker+L̃Σ,g), it suffices by the rank-nullity theorem to show that AF is injective to conclude that
it is a linear isomorphism; we will now show that in fact ∥f∥Ck,α(M) ≤ (1 + C)∥AF(f)∥L2

g′ (Σ
′) which

implies the injectivity of AF . If not, then we can find a sequences {(gj, tj,Ωj)}j≥1 ⊂ Lk,α
top(g, t,Ω; Λ, κ1)

such that (gj, tj,Ωj) → (g, t,Ω) in Lk,α(g, t,Ω; Λ, κ1) and {fj}j≥1 ⊂ F with ∥fj∥Ck,α(M) = 1 but such
that ∥AF(fj)∥L2

g′ (Σ
′) <

1
1+C

for all j ≥ 1. Up to a subsequence (not relabelled) we have that fj → f

in Ck−1,α(M) for some f ∈ F with ∥f∥Ck,α(M) = 1, thus by the boundedness of AF we see that
∥AF(f)∥L2

g′ (Σ
′) ≤ 1

1+C
. However, by Lemma 6 we see that πΣ,g(νΣ,g(f)) = AF(f) and hence

∥f∥Ck,α(M) = ∥(πΣ,g ◦ νΣ,g)
−1(AF(f))∥Ck,α(M) ≤ C∥AF(f)∥Ck,α(M) ≤

C

1 + C
< 1,

contradicting the fact that ∥f∥Ck,α(M) = 1; hence AF is a linear isomorphism.

The final assertion in part 1 follows since if we have a slow growth function, u ∈ L1
T (Σ′) ∩ C2

loc(Σ
′),

satisfying L̃Σ′,g′u = νΣ′,g′(f)− 1
|Σ′|g′

∫
Σ′ νΣ′,g′(f) dAg′ then, by applying integration by parts as in Lemma

4, it follows that AF(f) = 0 which implies that f = 0 since AF is an isomorphism.

In order to establish part 2 we utilise the compactness result of Lemma 7 above along with a contradic-
tion argument. If there is no such κ2 ∈ (0, κ1) such that part 2 holds, then there exists some sequence
(ḡj, t̄j, Ω̄j)j ⊂ Lk,α

top(g, t,Ω; Λ, κ1) converging to (g, t,Ω) in Lk,α(g, t,Ω; Λ, κ1) such that the maps Pḡj ,t̄j ,Ω̄j

are not uniformly bi-Lipschitz. Thus, for i = 1, 2 there are distinct sequences {(ḡij, t̄j, Ω̄
i
j)}j≥1 ⊂

Lk,α
top(g, t,Ω; Λ, κ1) converging to (g, t,Ω) in Lk,α(g, t,Ω; Λ, κ1) with ḡij = (1 + cjf

i
j)ḡj for f i

j ∈ F and

cj → 0. Since ḡji ∈ F · ḡj, by denoting uij = G
Σi

j

Σ̄j ,ḡj
∈ L2

ḡj
(Σ̄j) and dj = D((ḡ1j , t̄j, Ω̄

1
j), ḡ

2
j , t̄j, Ω̄

2
j)) > 0

in the notation of Lemma 7, then exactly one of the following cases occurs for infinitely many j ≥ 1:∣∣∣∣∣
∣∣∣∣∣πΣ̄j ,ḡj

(
(u1j − u2j)ζΣ̄j ,ḡj ,r0 −

1

|Σ̄j|ḡj

∫
Σ̄j

(u1j − u2j)ζΣ̄j ,ḡj ,r0 dAḡj

)∣∣∣∣∣
∣∣∣∣∣
L2(Σ̄j)

≥ jdj (18)

∣∣∣∣∣
∣∣∣∣∣πΣ̄j ,ḡj

(
(u1j − u2j)ζΣ̄j ,ḡj ,r0 −

1

|Σ̄j|ḡj

∫
Σ̄j

(u1j − u2j)ζΣ̄j ,ḡj ,r0 dAḡj

)∣∣∣∣∣
∣∣∣∣∣
L2(Σ̄j)

≤ dj
j

(19)
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As f 1
j − f 2

j ∈ F for each j ≥ 1 (so that f 1
j − f 2

j → f∞ ∈ F (so that either f∞ = 0 or νΣ,g(f∞) is not
constant), by applying Lemma 7 we see that up to a subsequence (not relabelled) we have:

1. cj
f1
j −f2

j

dj
→ f̂∞ in Ck,α(M) and f̂∞ = cf∞ for some c ≥ 0.

2.
u1
j−u2

j

dj
→ û∞ in L2

g,loc(Σ) and û∞ ∈ C2
loc(Σ) is a non-zero function of slow growth.

Moreover, L̃Σ,gû∞ = n
2

(
νΣ,g(f̂∞) − 1

|Σ|g

∫
Σ
νΣ,g(f̂∞) dAg

)
and

∫
Σ
û∞ dAg = 0 (since f̂∞ ∈ F). Thus,

by applying the part 1 established above (for (g, t,Ω) ∈ Lk,α
top(g, t,Ω; Λ, κ2)) we see that f̂∞ = 0, and

so û∞ ∈ Ker+L̃Σ,g.

First, by the convergence of
u1
j−u2

j

dj
→ û∞ and ζΣ̄j ,ḡj ,r0 → ζΣ̄,ḡ,r0 in L2

g,loc we see that up to subsequence

(not relabelled) we have
u1j − u2j
dj

ζΣ̄j ,ḡj ,r0 → û∞ζΣ̄,ḡ,r0

in L2
g,loc also. Thus by applying Lemma 6 we see that the left hand side of (18) (divided by dj) is

finite for all j ≥ 1, thus (18) cannot hold for infinitely many j ≥ 1.

Similarly, if (19) above were to occur for infinitely many j ≥ 1, then we would have

AζΣ,g,r0
(û∞) = πΣ,g

(
û∞ζΣ,g,r0 −

1

|Σ|g

∫
Σ

û∞ζΣ,g,r0 dAg

)
= 0.

Now by the proof of part 1 above, we know that AζΣ,g,r0
is a linear isomorphism, hence AζΣ,g,r0

(û∞) = 0
implies that û∞ = 0, a contradiction. Thus, for some potentially smaller κ2 and C > 0 depending on
g, t,Ω,Λ, we conclude that the map Pḡ,t̄,Ω̄ is uniformly bi-Lipschitz onto its image.

By utilising the above parametrisation result for the top part of each pseudo-neighbourhoods we are
able to establish the following “local” Sard-Smale theorem which, when combined with a decomposi-
tion of the space of triples in the next subsection based on Appendix B, will allow us to conclude that
semi-nondegeneracy is a generic property for isoperimetric regions in dimension eight:

Lemma 9. Given (g, t,Ω) ∈ T k,α, Λ ≥ 1, and δ > 0, let Gk,α(g, t,Ω; Λ, δ) denote the set

{(ḡ, t̄) ∈ Gk,α × R | every Ω̄ ∈ I(ḡ, t̄) with (ḡ, t̄, Ω̄) ∈ Lk,α(g, t,Ω; Λ, δ) is semi-nondegenerate}.

Then there exists some κ0 > 0, depending on g, t,Ω, and Λ, such that Gk,α(g, t,Ω; Λ, κ0) is open and
dense in Gk,α × R. Moreover, if ḡ ∈ Gk,α then Gk,α(g, t,Ω; Λ, κ0) ∩ ([ḡ] × R) is open and dense in
[ḡ] × R.

Proof. For openness, if {(gj, tj)}j≥1 ∈ (Gk,α×R)\Gk,α(g, t,Ω; Λ, δ) with gj → g∞ in Ck−1,α and tj → t∞,
then for each j ≥ 1 there exist isoperimetric regions, Ωj ∈ I(gj, tj), and non-zero twisted Jacobi

fields, uj ∈ Ker+L̃Σj ,gj (which without loss satisfy ∥uj∥L2(Σj) = 1), such that up to a subsequence (not

relabelled) there is some u∞ ∈ Ker+L̃Σ∞,g∞ by combining Lemmas 5 and 6; hence the complement is
closed.

For denseness, first notice that if dim(ker+L̃Σ,g) = 0 then Gk,α(g, t,Ω; Λ, κ0) = Gk,α × R for every
κ0 ∈ (0, κ2) by (11) in Lemma 6 part 1. We establish the denseness for the positive dimensions
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by induction and successive approximation; namely, we first show that Gk,α(g, t,Ω; Λ, κ0) is dense in
(Gk,α × R) \ Π(Lk,α

top(g, t,Ω; Λ, κ0)), and then show that for each (ḡ, t̄) ∈ Π(Lk,α
top(g, t,Ω; Λ, κ0)) there is

a sequence of approximating pairs in (Gk,α ×R) \Π(Lk,α
top(g, t,Ω; Λ, κ0)) by exploiting Lemma 8. Thus

we assume, for I ≥ 1, that the desired density holds whenever dim(ker+L̃Σ,g) ≤ I − 1.

Firstly, if (g′, t′) ∈ (Gk,α × R) \ Π(Lk,α
top(g, t,Ω; Λ, κ0)) but (g′, t′) ∈ (Gk,α × R) \ Gk,α(g, t,Ω; Λ, κ0)

then Π−1(g′, t′) ∩ Lk,α(g, t,Ω; Λ, κ0) is nonempty by definition and compact since Π−1(g′, t′) is closed
and Lk,α(g, t,Ω; Λ, κ0) is compact by Lemma 5. Thus, there are {(g′, t′,Ωi)}ni=1 ⊂ Π−1(g′, t′) ∩
Lk,α(g, t,Ω; Λ, κ0) such that

Π−1(g′, t′) ∩ Lk,α(g, t,Ω; Λ, κ0) ⊂
n⋃

i=1

Lk,α(g′, t′,Ωi; Λ, κi0); (20)

where here we choose positive numbers, {κi0}ni=1, such that Gk,α(g′, t′,Ωi; Λ, κi0) is open and dense in

Gk,α × R by the inductive assumption since for each i = 1, . . . , n we have dim(Ker+L̃Σi,g′) ≤ I − 1.

We note then that there must be a sequence {(g′j, t
′
j)}j≥1 ⊂

⋂n
i=1 Gk,α(gi, ti,Ωi; Λ, κi0) (which is still

open and dense as the finite intersection of such sets) such that (g′j, t
′
j) → (g′, t′) as j → ∞;

we will now show that (g′j, t
′
j) ∈ Gk,α(g, t,Ω; Λ, κ0) for all j ≥ 1 sufficiently large. If not, then

there exist Ω′
j ∈ I(g′j, t

′
j) with Ker+L̃Σ′

j ,g
′
j
̸= {0} such that (g′j, t

′
j,Ω

′
j) → (g′, t′,Ω′) for some Ω′ ∈

I(g′, t′) with (g′, t′,Ω′) ∈ Π−1(g′, t′)∩Lk,α(g, t,Ω; Λ, κ0) by Lemma 5; however, by the covering above,
we must have that (g′, t′,Ω′) ∈ Lk,α(g′, t′,Ωi; Λ, κi0) for some i = 1, . . . , n and in particular since

(g′j, t
′
j) ∈ Gk,α(g′, t′,Ωi; Λ, κi0) we also have Ker+L̃Σ′

j ,g
′
j

= {0}, a contradiction. Thus we see that

Gk,α(g, t,Ω; Λ, κ0) is dense in (Gk,α × R) \ Π(Lk,α
top(g, t,Ω; Λ, κ0)).

To conclude we will show that there is a sequence in (Gk,α×R)\Π(Lk,α
top(g, t,Ω; Λ, κ0)) that approximates

each choice of (ḡ, t̄) ∈ Π(Lk,α
top(g, t,Ω; Λ, κ0)); for each such pair we choose some Ω̄ ∈ I(ḡ, t̄). We fix F

as in Lemma 8 for the triple (ḡ, t̄, Ω̄) ∈ T k,α so that the map

Π̃ : Z = Pḡ,t̄,Ω̄

(
Lk,α

top(ḡ, t̄, Ω̄; Λ, κ0) ∩ Π−1(F · ḡ × {t̄})
)
⊂ Ker+L̃Σ̄,ḡ → F ,

defined by Π̃(Pḡ,t̄,Ω̄((1 + f)ḡ, t̄, ·)) = f for each f ∈ F , is a Lipschitz map between two vector
spaces of the same finite dimension with compact domain. More precisely, Lemma 8 part 2 shows
Lk,α

top(g, t,Ω; Λ, κ0) ∩ Π−1(F · ḡ × {t̄}) is bi-Lipschitz to a compact subset of Ker+L̃Σ̄,ḡ and Lemma

8 part 1 shows that this vector space is bi-Lipschitz to F ; we then set Π̃ = IF ◦ Π ◦ P−1
ḡ,t̄,Ω̄

where

IF((1 + f)ḡ, t̄) = f for IF : F · ḡ × R → F which is a Lipschitz map between vector spaces.

We now show that in some neighbourhood of 0 ∈ Ker+L̃Σ̄,ḡ in the domain of Π̃ consists of critical
points, and hence by the Sard–Smale theorem for Lipschitz maps (see [LW25, Lemma 8.5]) this

neighbourhood in the domain has image under Π̃ of zero measure in F ; this ensures that there exists
a sequence {(ḡj, t̄)}j≥1 ⊂ (F · ḡ × {t̄}) \ Π(Lk,α

top(g, t,Ω; Λ, κ0)) ⊂ (Gk,α × R) \ Π(Lk,α
top(g, t,Ω; Λ, κ0))

converging to (ḡ, t̄) in Gk,α × R concluding the desired denseness.

Supposing this was not the case, we could find a sequence {ui}i≥1 ⊂ Z converging to zero in L2(Σ)

such that ui is not a critical point of Π̃ for each i ≥ 1. Let us denote Π̃(ui) = fi ∈ F , so that fi → 0
in Ck,α(M) (noting that the L∞ and Ck,α norms are equivalent since F is finite dimensional), for each
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i ≥ 1 and by applying Lemma 8 part 2 we have some Ω̄i ∈ I((1 + fi)ḡ, t̄) such that by Lemma 1 we
have, up to a subsequence (not relabelled), Ω̄i → Ω̄ for some Ω̄ ∈ I(ḡ, t̄). By assumption we have
that, for each fixed i ≥ 1, whenever {hj}j≥1 ⊂ F is such that hj → fi in Ck,α(M) we have that

hj − fi
dj

→ f̂i ̸= {0} and (1 + fi)f̂i ∈ F \ {0}.

Writing ḡi = (1 + fi)ḡ for each i ≥ 1, then by applying Lemma 7 for each i ≥ 1 we find non-zero

solutions ûi ∈ C2
loc(Σ̄i) of slow growth to L̃Σ̄i,ḡiûi = νΣ̄i,ḡi(f̂i) −

1
|Σ̄i|ḡi

∫
Σ̄i
νΣ̄i,ḡi(f̂i) with

∫
Σ̄i
ûi dAḡi =

n
2

∫
Ω̄i
f̂i dVḡi . Now, by considering f̂i

∥f̂i∥Ck,α(M)

→ f̂ ∈ F \ {0} (as (1 + fi) → 1) and projecting ûi to

(KerL̃Σ,g)
⊥ we ensure by Theorem 3 part 3 that ûi

∥f̂i∥Ck,α(M)

→ û ∈ BT (Σ̄) (noting that
∫
Σ̄
û dAḡ =

n
2

∫
Ω̄
f̂ dVḡ = 0 as f̂ ∈ F) for some slow growth function which weakly, and hence by Remark 6

strongly, solves L̃Σ̄,ḡû = νΣ̄,ḡ(f̂)− 1
|Σ̄|ḡ

∫
Σ̄
νΣ̄,ḡ(f̂). Noting that then νΣ̄,ḡ(f̂)− 1

|Σ̄|ḡ

∫
Σ̄
νΣ̄,ḡ(f̂) is non-zero

(since otherwise by Lemma 8 part 1 we would have f̂ = 0), which also implies that û ̸= 0, we obtain
a contradiction to Lemma 8 part 1; hence some neighbourhood of zero in Z must consist of critical
points of Π̃ as desired.

As we have shown that for each (ḡ, t̄) ∈ Gk,α ×R there is an approximating sequence in (F · ḡ×{t̄}) \
Π(Lk,α

top(g, t,Ω; Λ, κ0)) and, having previously showed that Gk,α(g, t,Ω; Λ, κ0) was dense in (Gk,α ×R) \
Π(Lk,α

top(g, t,Ω; Λ, κ0)), we conclude that Gk,α(g, t,Ω; Λ, κ0) is dense in Gk,α × R.

For the final statement, if ḡ ∈ Gk,α then, by intersecting each set with [ḡ] × R, the same covering
argument using compactness proceeding and following (20) shows that Gk,α(g, t,Ω; Λ, κ0) ∩ ([ḡ] × R)
is in fact dense in ([ḡ]×R) \Π(Lk,α

top(g, t,Ω; Λ, δ)). The arguments in the following paragraphs further
show that there is an approximating sequence of metric volume pairs whose metric remains in a given
conformal class; thus we see that Gk,α(g, t,Ω; Λ, κ0) ∩ ([ḡ] × R) is in fact dense in ([ḡ] × R). The
openness follows since Gk,α(g, t,Ω; Λ, κ0) ∩ ([ḡ] × R) is then relatively open as Gk,α(g, t,Ω; Λ, κ0) was
shown to be open.

4.3 Generic semi-nondegeneracy

We now conclude the section by showing that semi-nondegeneracy is a generic property for isoperi-
metric regions. With the language and notation used in Appendix B we have the following:

Proposition 3. For any given (g, t,Ω) ∈ T k,α, β ∈ (0, 1/100), and Λ ∈ N, there exists a δ > 0,
depending on g, t,Ω, β, and Λ, and l > 0, depending on g, t and Ω, such that for the following
δ-neighbourhood

T k,α(g, t,Ω; Λ, δ) =

{
(g′, t′,Ω′) ∈ T k,α

∣∣∣∣ ∥g′∥Ck,α ≤ Λ, |Σ′|g′ ≤ Λ;
∥g − g′∥Ck−1,α ≤ δ, |t− t′| ≤ δ, |Ω∆Ω′|g ≤ δ,

}
,

we have:

1. There exists a finite collection of (θ, σ, β)-models S and an integer N , so that any (g′, t′,Ω′) ∈
T k,α(g, t,Ω; Λ, δ) admits a large scale (θl, β, g, t,Ω,S, N)-cone decomposition.

2. There exists a countable collection {(gv, tv,Ωv)}v∈N ⊂ T k,α(g, t,Ω; Λ, β) with fixed large scale
(θl, β, g, t,Ω,S, N)-cone decomposition, such that every (g′, t′,Ω′) ∈ T k,α(g, t,Ω; Λ, β) admits a
large scale (θl, β, g, t,Ω,S, N)-cone decomposition whose tree representation is β-close to that of
some (gv, tv,Ωv).
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Proof. For the first part, fix (g, t,Ω) ∈ T k,α, β ∈ (0, 1/100), γ ∈ [β, 1], and σ ∈ (0, 1/200]. Let l ∈ N
be such that, by the discreteness of the densities in (1), we have

θl = sup
p∈Sing(Σ)

θ|Σ|g(p).

In particular, for each p ∈ Sing(Σ) there exists a radius rp ∈ (0, 1), such that the balls {Bg
2rp(p)}p∈Sing(Σ)

are pairwise disjoint, the rescaled pullback of the metric satisfies

|(2rp)−2(η−1
p,2rp)∗g − geucl| ≤ δl,γ,β,σ/2, (21)

where δl,γ,β,σ > 0 is as in Theorem B.1, and such that there exists a cone Cp ∈ C for which, after
expressing Σ in conical coordinates over it, there holds

dH((ηp,2rp)(Σ) ∩ B1,Cp ∩ B1) ≤ δl,γ,β,σ/2 and θ|Cp|(0) ≤ θl, (22)

and such that

3

4
θ|Cp|(0) ≤ θ(ηp,2rp )#|Σ|(0, 1/2) and θ(ηp,2rp )#|Σ|(0, 1) ≤ 5

4
θ|Cp|(0). (23)

Finally, by potentially taking rp smaller, we ensure that (ηp,2rp)(Σ) is the C2 part of the boundary
of a (δl,γ,β,σ/2, 1)-almost minimiser in B1. In particular, by taking δ > 0 smaller if necessary in
the definition of T k,α(g, t,Ω; Λ, δ), we can ensure that each (g′, t′,Ω′) ∈ T k,α(g, t,Ω; Λ, δ) satisfies
(21), (22), and (23) with Σ′ in place of Σ, and δl,γ,β,σ replacing δl,γ,β,σ/2. Furthermore, since Ω′ ∈
I(g′, t′), we have that (ηp,rp)(Σ′) is the C2 part of the boundary of a (δl,γ,β,σ, 1)-almost minimiser in
B1, while Allard’s theorem implies the existence of C2-functions u : Σ \

⋃
p∈Sing(Σ)B

g
rp/2

(p) → Σ⊥ so

that Σ′ \
⋃

pB
g
rp(p) = graphΣ(u) \ Bg

rp(p). We can then apply Theorem B.1 for the parameters to
infer the existence of a (θl, β,Sp, Np)-cone decomposition for |Σ|g Bg

rp(p), as well as a large scale
(θl, β, g, t,Ω,S, N)-cone decomposition of (g′, t′,Ω′).

By part 1 above, for each (g′, t′,Ω′) ∈ T k,α(g, t,Ω; Λ, δ) there exists a large scale cone decomposition as
in Definition B.9, which then has a corresponding tree representation as in Definition B.6. Finiteness
of N,S, and the discreteness of the set of densities of stable minimal hypercones in (1), imply that
there are only finitely many coarse tree representations as in Definition B.10. For a fixed coarse tree
representation, T = (V,E), one then considers the set of all triples associated to this coarse tree
representation, L′(T ), and finds a countable covering of this space; to do so we cover each node of
the coarse tree. By definition of coarse tree representation, as in Definition B.7), we have that all
tree representations of triples in L′(T ) have the same root node. Arguing exactly as in the proof of
[LW25, Theorem 9.6 part 2], we see that all tree representations of triples in L′(T ) are contained in
the countable union PC(T ), where the notation is as in [LW25, (74) in the proof of Theorem 9.6].
Thus, we can then find a countable subset, L′′(T ), of L′(T ) such that each element of PC(T ) contains
at least one tree representation of a triple in L′(T ), and contains exactly one tree representation of
a triple in L′′(T ). Taking a union over the finitely many coarse tree representations allows us to
conclude, with the β-closeness property following by construction of the coverings. In particular, we
note that no change is needed in order to account for enclosed volumes (since they play no role in the
tree representation of a cone decomposition), and moreover one can take the multiplicities to be one
throughout, when reasoning as in the proof of [LW25, Theorem 9.6].

Definition 9. Given (g, t,Ω) ∈ T k,α, β ∈ (0, 1/100), Λ ≥ 1, δ > 0 and v ∈ N as in Proposition 3,
we define the intermediate neighbourhoods, denoted T k,α

v (g, t,Ω; Λ, δ, β), to be the set of triples
(g′, t′,Ω′) ∈ T k,α(g, t,Ω; Λ, δ) admitting a large scale (θl, β, g, t,Ω,S, N)-cone decomposition whose tree
representation is β-close to that of (gv, tv,Ωv).
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In particular, with this notation Proposition 3 implies that we have the following decomposition of
the space of triples:

T k,α(g, t,Ω; Λ, δ) =
⋃
v∈N

T k,α
v (g, t,Ω; Λ, δ, β). (24)

These intermediate neighbourhoods satisfy the following:

Lemma 10 (Properties of intermediate neighbourhoods). Given (g, t,Ω) ∈ T k,α, β ∈ (0, 1/100),
Λ ≥ 1, δ > 0, and v ∈ N, then, with the notation in Proposition 3, we have that:

1. The space T k,α
v (g, t,Ω; Λ, δ, β) is compact.

2. Given any function κ : T k,α × (0,∞) → (0,∞), for each v ∈ N there exists some Nv ∈ N and
{(gv,l, tv,l,Ωv,l)}l=1,...,Nv ⊂ T k,α

v (g, t,Ω; Λ, δ, β) such that

T k,α
v (g, t,Ω; Λ, δ, β) ⊂

Nv⋃
l=1

Lk,α(gv,l, tv,l,Ωv,l; Λ, κv,l),

where κv,l = κ(gv,l, tv,l,Ωv,l,Λ) > 0 for each l = 1, . . . , Nv.

Proof. For part 1, we show sequential compactness in a similar manner to the proof of Lemma
5. Supposing that we had a sequence {(gj, tj,Ωj)}j≥1 ⊂ T k,α

v (g, t,Ω; Λ, δ, β), the uniform bounds,
∥gj∥Ck,α ≤ Λ, ∥g− gj∥Ck−1,α ≤ δ, |Ω∆Ωj| ≤ δ, and |t− tj| ≤ δ, along with the compactness of the em-
bedding Ck,α(M) ↪→ Ck−1,α(M) and Lemma 1, imply the existence (g∞, t∞,Ω∞) ∈ T k,α(g, t,Ω; Λ, δ),
such that up to a subsequence (not relabelled) we have (gj, tj,Ωj) → (g∞, t∞,Ω∞).

To conclude we need to show that (g∞, t∞,Ω∞) ∈ T k,α
v (g, t,Ω; Λ, δ, β). The existence of a large scale

(Λ, β, g, t,Ω,S, N)-cone decomposition follows from Proposition 3 part 1, we now show that the tree
representations of the large-scale cone decompositions of (g∞, t∞,Ω∞) and (gv, tv,Ωv) are β-close.
Consider a subtree rooted at an arbitrary α child of the root node, (Σ, g, {pα}, {rα}). Each |Σj|gj
Bg

rα(pα) admits a cone decomposition whose tree representation is β-close to the one of |Σv|gv Bg
rα(pα),

hence the number of strong-cone regions, and the number of smooth regions stay constant along the
sequence. Furthermore, the densities of the corresponding cones are the same, as well as the smooth
models Ssb , and they also stay constant along the sequence.

Consider then a strong cone region of the cone decomposition of |Σv| Bg
rα(pα), as well as the corre-

sponding sequence of strong cone regions β-close to it, arising from the sequence of the |Σj|gj ; let us
denote by Cv the cone for the former, while Cj the cones for the latter. In particular, the densities of
the cones Cj are bounded from above and from below uniformly, in terms of θCv(0) and β, thus im-
plying that we can extract, by the compactness of stable minimal hypercones discussed in Subsection
2.1, a limiting cone, C∞, having the same density as the sequence, and such that the corresponding
links converge smoothly and with multiplicity one; this in turn implies dH(C∞ ∩ ∂B1,Cv ∩ ∂B1) ≤ β.
The sequences of centres {xj}j≥1, and radii {ρj}j≥1, {Rj}j≥1 are also uniformly bounded, and we can
therefore extract further subsequences (not relabelled) converging to limit points x∞, ρ∞, R∞ respec-
tively. These limit points are β-close to xv, ρv, and Rv as the sequences were β-close. A combination
of Allard’s theorem and unique continuation implies that the limiting varifold, |Σ∞|g∞ , restricted to
the limiting annulus is a strong cone region with cone C∞. This is then a node of the tree repre-
sentation of the cone decomposition of |Σ∞|g∞ Bg

rα(pα). One can argue similarly for smooth regions
which, by definition of being β-close, have the same smooth models. Thus, every element of the cone
decomposition of |Σj|gj converges to the corresponding element of the cone decomposition of |Σ∞|g∞ .
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To conclude, we need to ensure that no further node (of either type I or type II) arises from the lim-
iting procedure, however, as cone regions and smooth regions cover the whole domain of every |Σj|gj ,
we obtain a full covering of the domain of |Σ∞|g∞ , thus implying that no extra node is created and
concluding the proof that (g∞, t∞,Ω∞) ∈ T k,α

v (g, t,Ω; Λ, δ, β); hence T k,α
v (g, t,Ω; Λ, δ, β) is compact as

desired.

For part 2, we utilise the compactness established in part 1 to show that, for any (g′, t′,Ω′) ∈
T k,α
v (g, t,Ω; Λ, δ, β) and δ′ > 0, the pseudo-neighbourhood Lk,α(g′, t′,Ω′; Λ′, δ′) contains an open

neighbourhood of (g′, t′,Ω′) in T k,α
v (g, t,Ω; Λ, δ, β). Assuming for a contradiction this failed, then

in particular there is (g′, t′,Ω′) ∈ T k,α
v (g, t,Ω; Λ, δ, β) and δ′ > 0 such that the corresponding pseudo-

neighbourhood Lk,α(g′, t′,Ω′; Λ, δ′) does not contain any open neighbourhood. Thus, considering a
countable neighbourhood basis around (g′, t′,Ω′), there exists a sequence

{(gj, tj,Ωj)}j≥1 ⊂ T k,α
v (g, t,Ω; Λ, δ, β) \ Lk,α(g′, t′,Ω′; Λ, δ′)

converging to (g′, t′,Ω′). In particular, for j ≥ 1 sufficiently large, we have that:

• gj is a Ck,α metric on M satisfying ∥gj∥Ck,α ≤ Λ, and ∥gj − g′∥Ck−1,α ≤ δ′.

• Ωj ∈ I(gj, tj) with |Ωj∆Ω′|g ≤ δ′ and |t′ − tj| ≤ δ′.

• Every (gj, tj,Ωj) admits a large scale (Λ, β, g, t,Ω,S, N)-cone decomposition whose tree repre-
sentation is β-close to that of (gv, tv,Ωv). The compactness in part 1 of this lemma implies that
(g′, t′,Ω′) satisfies the same property. Thus, for every x′ ∈ Sing(Σ′) there exists xj ∈ Sing(Σj)
with θ|Σ′|g′ (p

′) = θ|Σj |gj (pj). This follows from the definition of being β-close for two (θ, β,S, N)-
tree representation being close, see Definition B.8, as the labels of the coarse tree representation
have to coincide.

In particular, these conditions above imply that by definition of the pseudo-neighbourhoods we have
(gj, tj,Ωj) ∈ Lk,α(g′, t′,Ω′; Λ, δ′) for sufficiently large j ≥ 1, giving the desired contradiction.

To conclude part 2, given κ : T k,α × (0,∞) → (0,∞) we consider the cover of T k,α
v (g, t,Ω; Λ, δ, β)

formed by open neighbourhoods of each (g′, t′,Ω′) of radius at most κ(g′, t′,Ω′,Λ) > 0 (the existence
of which is guaranteed by the previous paragraph). The compactness established in part 1 above then
guarantees the desired conclusion.

Lemma 11. Given any function κ : T k,α × (0,∞) → (0,∞), there is a countable collection of tuples,
{(gj, tj,Ωj,Λj)}j≥1 ⊂ T k,α × (0,∞), such that

T k,α =
⋃
j≥1

Lk,α(gj, tj,Ωj; Λj, κj),

where κj = κ(gj, tj,Ωj,Λj).

Proof. For Λ ≥ 1 we let

T k,α(Λ) = {(g, t,Ω) ∈ T k,α; ∥g∥Ck,α ≤ Λ, |Σ|g ≤ Λ, t ∈ [(2Λ)−1, |M |g − (2Λ)−1]},

which is compact; indeed, for a sequence {(gj, tj,Ωj)}j≥1 ⊂ T k,α(Λ) the compactness of the embedding
Ck,α(M) ↪→ Ck−1,α(M) and the set [(2Λ)−1, |M |g − (2Λ)−1] as well as Lemma 1, imply the existence
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of a subsequential limit. In particular, there exist some finite collection of triples, {(gi, ti,Ωi)}KΛ
i=1 ⊂

T k,α(Λ), such that

T k,α(Λ) =

KΛ⋃
i=1

T k,α(gi, ti,Ωi; Λ, δi) (25)

for some KΛ ∈ N and with δi > 0 for each i = 1, . . . , KΛ. Consequently, we infer the following
decomposition of the space of triples

T k,α =
⋃
Λ∈N

T k,α(Λ)

=
⋃
Λ∈N

KΛ⋃
i=1

T k,α(gi, ti,Ωi; Λ, δi)

=
⋃
Λ∈N

KΛ⋃
i=1

∞⋃
v=1

T k,α
v (gi, ti,Ωi; Λ, δi, β)

⊂
⋃
Λ∈N

KΛ⋃
i=1

∞⋃
v=1

Nv⋃
l=1

Lk,α(gv,i,l, tv,i,l,Ωv,i,l; Λ, κv,i,l);

here the second equality follows from (25), the third equality from (24) after applying Proposition 3
part 2, and the final inclusion from Lemma 10 part 2 where we set κv,i,l = κ(gv,i,l, tv,i,l,Ωv,i,l,Λ) > 0.
The desired result then follows by reindexing, after noting that the final inclusion must be an equality
since the pseudo-neighbourhoods are subsets of T k,α.

Theorem 5. Let Uk,α
0 be the set of (g, t) ∈ Gk,α ×R such that every isoperimetric region with respect

to the metric g of enclosed volume t is semi-nondegenerate, then Uk,α
0 is a generic subset of Gk,α ×R;

namely, semi-nondegeneracy is a generic property for metric volume pairs. Moreover, if ḡ ∈ Gk,α then
Uk,α
0 ∩ ([ḡ] × R) is generic in [ḡ] × R.

Proof. Let κ : T k,α × (0,∞) → (0,∞) be the function taking (g, t,Ω,Λ) ∈ T k,α × (0,∞) to κ0 as
determined by Lemma 9; applying Lemma 11 for this function guarantees the existence of a countable
collection {(gj, tj,Ωj,Λj)}j≥1 ⊂ T k,α × (0,∞) such that T k,α =

⋃
j≥1 Lk,α(gj, tj,Ωj; Λj, κj), where

κj = κ(gj, tj,Ωj,Λj). By Lemma 9, for each (gj, tj,Ωj) as above there is some open and dense subset,
Gk,α(gj, tj,Ωj; Λj, κj), of Gk,α × R and hence ∩j≥1Gk,α(gj, tj,Ωj; Λj, κj) is a countable intersection of
open and dense sets in Gk,α × R. Moreover, if (g, t) ∈ ∩j≥1Gk,α(gj, tj,Ωj; Λj, κj) and Ω ∈ I(g, t)
then we have (g, t,Ω) ∈ Lk,α(gj, tj,Ωj; Λj, κj) for some j ≥ 1, and thus Ω is semi-nondegenerate since

(g, t) ∈ Gk,α(gj, tj,Ωj; Λj, κj); hence we see that ∩j≥1Gk,α(gj, tj,Ωj; Λj, κj) ⊂ Uk,α
0 as desired.

For the final statement, if ḡ ∈ Gk,α then by Lemma 9 we have that Gk,α(gj, tj,Ωj; Λj, κj)∩ ([ḡ]×R) is

open and dense in [ḡ]×R for each j ≥ 1, and thus ∩j≥1Gk,α(gj, tj,Ωj; Λj, κj)∩([ḡ]×R) ⊂ Uk,α
0 ∩([ḡ]×R)

is a countable of intersection of open and dense sets in [ḡ] × R as desired.

Remark 12. We note that, by Remark 10, if (g, t) ∈ Uk,α
0 and Ω ∈ I(g, t) is such that Sing(Σ) = ∅,

then in particular Σ is nondegenerate.

5 Singular capacity for isoperimetric regions

We now introduce a notion to count the number of potential singularities that can arise along a
sequence of converging isoperimetric regions.
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5.1 Definitions and properties

The following definitions are made inductively over the densities of stable minimal hypercones which,
as noted in (1) in Subsection 2.1, are discrete:

Definition 10 (Singular capacity for volume-constrained minimisers). Given δ > 0, a Riemannian
metric, g, on Bδ, and Ω ∈ VCM(δ, g), we define the singular capacity of Ω in an open set U ⊂ Bδ

by setting

SCap(Ω, U, g) =
∑

p∈Sing(Σ)∩U

SCap(CpΣ) ∈ [0,∞],

where CpΣ is the unique tangent cone to Σ = ∂Ω at p ∈ Sing(Σ), and the singular capacity, SCap(C),
of a stable minimal hypercone, C ∈ C , is defined inductively by the following:

1. For a hyperplane, P ∈ Cω7, we set SCap(P) = 0.

2. For all non-planar cones, C ∈ C \ Cω7, we set

SCap(C) = 1 + sup

{
lim sup
j→∞

SCap(Ωj,B1, gj)

}
,

where the supremum is taken over all sequences of pairs, {(gj,Ωj)}j≥1, for gj a Ck,α metric on
B2 and Ωj ∈ VCM(2, 0, gj) such that both:

(i) gj → geucl in C
4(B1), and Ωj → E+ as j → ∞, where E+ ∈ C(B2) with ∂E+ = C.

(ii) θ|Σj |(pj) < θC(0) for any pj ∈ Sing(Σj) ∩ B1.

If there is no such sequence of pairs satisfying the above for C, we define SCap(C) = 1.

As observed in Subsection 2.2, isoperimetric regions are locally volume constrained minimisers and so
we make the following definition:

Definition 11 (Singular Capacity for isoperimetric regions). Given (g, t) ∈ Gk,α ×R and an open set
U ⊂M , we define the singular capacity of Ω ∈ I(g, t) in U by setting

SCap(Ω, U, g) =
∑

p∈Sing(Σ)∩U

SCap(CpΣ) ∈ [0,∞],

where CpΣ denotes the unique tangent cone to Σ at p ∈ Sing(Σ). We then define

SCap(g, t) = sup{SCap(Ω,M, g) |Ω ∈ I(g, t)}.

Remark 13. We note that, according to the definition above, for any C ∈ Cθ1 , we have SCap(C) =
1, and for any C ∈ Cθ2 , we have SCap(C) = 1 + sup

{
lim supj→∞ #(Sing(Ωj) ∩ B1)

}
, where the

supremum is taken over all sequences as in Definition 10 part 2 and #(Sing(Ωj) ∩ B1) denotes the
number of elements in the set (Sing(Ωj)∩B1). Also, if |Σ|g is sufficiently close to either zero or |M |g,
then by Remark 3 we have that SCap(Ω,M, g) = 0 since Sing(Σ) = ∅.

We now establish two technical lemmas to aid us in working with the singular capacity:

Lemma 12. Given a Riemannian metric, g, on B5, Ω ∈ VCM(5, g), and C ∈ CΛ for some Λ > 1
with E+ ∈ C(B5) such that ∂E+ = C, then for each ϵ ∈ (0, 1) there exists δ > 0, depending on ε
and Λ, such that if both ∥g − geucl∥C4 ≤ δ and |Ω∆E+| ≤ δ, then Sing(Σ) ∩ B4 ⊂ Bϵ, and for each
x ∈ B1 ∩ Σ at least one of the following holds:
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1. θ|Σ|g(x) ≤ θC(0) − 2δ.

2. Sing(Σ) ∩ B4 ⊂ {x}.

Proof. Assume for a contradiction that there exists ε > 0, Ωj ⊂ VCM(5, gj) for each j ≥ 1, and
{E+

j }j≥1 ⊂ C(B5) with ∂E+
j = Cj for Cj ∈ CΛ such that gj → geucl in C4 and |Ωj∆E+

j | → 0 as
j → ∞, but Sing(Σj) ∩ (B4 \ Bϵ) ̸= ∅ for sufficiently large j ≥ 1. By the compactness of CΛ, as
noted in Subsection 2.1, there exists E+ ∈ C(B5) such that E+

j → E+ with ∂E+ = C ∈ CΛ. Thus, by
applying Allard’s theorem, Sing(Σj) ⊂ Bϵ for sufficiently large j ≥ 1, contradicting our assumption.

Let xj ∈ Σj ∩ B1 and suppose that for a sequence as in the above paragraph we have for infinitely
many j ≥ 1 the existence of yj ∈ Sing(Σj) ∩ B4 \ {xj} with

lim sup
j→∞

[
θ|Σj |gj (xj) − θC(0)

]
≥ 0.

If C is a hyperplane, then by applying Allard’s theorem, the Σj are regular for sufficiently large j ≥ 1,
contradicting the assumption that the yj exist. Thus, C is not a hyperplane and so we have that by
Allard’s theorem and the upper semi-continuity of the density that

lim sup
j→∞

θ|Σj |gj (xj) ≥ θC(0) > 1;

hence xj ∈ Sing(Σj) for sufficiently large j ≥ 1.

By the first part of the lemma we know that both xj, yj → 0 as j → ∞. Now consider for each j ≥ 1

the rescaled varifolds Σ̃j =
(
ηxj ,rj

)
#
|Σj|gj where rj = 2

5
distgj(xj, yj). Note that as j → ∞, by writing

g̃j = (rj)
−2(η−1

xj ,rj
)∗gj, we have that the following properties hold:

∥g̃j − geucl∥C4(B5) → 0

∥Σ̃j∥(B5) ≤ 2 · 5nωnΛ

θ|Σj |g̃j (0, 4) − θ|Σj |g̃j (0, 1) → 0

.

We now claim that the above properties imply that yj /∈ Sing(Σj) for sufficiently large j ≥ 1, yielding
a contradiction. Precisely, we now show that there exists δ > 0, depending on Λ > 0, such that if
Ω ∈ VCM(5, g) satisfies the following properties:

∥g − geucl∥C4(B5) ≤ δ

∥Σ∥(B5) ≤ 2 · 5nωnΛ

θ|Σ|(0, 4) − θ|Σ|(0, 1) ≤ δ

HΣ ≤ δ

, (26)

then there is some C ∈ C such that Σ is regular near C ∩ A(2, 3). If not, then there exist Λ > 0 and
a sequence {Ωj} ⊂ VCM(5, gj) satisfying (26) for some δj → 0 but such that Sing(Σj) ∩ A(2, 3) ̸= ∅.
However, by the compactness of volume constrained minimisers, as discussed in Subsection 2.2, up to
a subsequence (not relabelled) we have that Ωj → Ω ∈ VCM(4, geucl), which will then in fact be locally
area minimising (since HΣj

→ 0), with θ|Σ|geucl (0, 4) − θ|Σ|geucl (0, 1) = 0, but then the monotonicity
formula ensures that |Σ|geucl is a minimal hypercone in B4; hence by Allard’s theorem Σj is regular in
A(2, 3) for sufficiently large j ≥ 1, a contradiction.
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By using the claim in the proof of Lemma 12, we can prove the following upper bound on the number
of singularities for singularities that approach a cone with a given density bound:

Lemma 13. For each Λ > 1 there exists a constant N(Λ) ≥ 1 such that, for every C ∈ CΛ and all
sequences Ωj ∈ VCM(5, gj) such that gj → geucl in C4(B5), and Ωj → E+, where E+ ∈ C(B5) with
∂E+ = C ∩ B5, as j → ∞ we have that

lim sup
j→∞

#
(
Sing(Σj) ∩ B4

)
≤ N(Λ).

Proof. The proof is similar [LW25, Lemma C.6], except that we use the compactness theorem for
volume constrained minimisers and apply our Lemma 12. Precisely, we can establish the corollary by
induction on the densities of stable minimal hypercones, which by (1) are discrete.

Let Λk = ω7θk for k ∈ N, and note that Λ0 = ω7 and hence any C ∈ CΛ0 is a hyperplane, thus by
Allard’s theorem we can set N(Λ0) = 0. Now we suppose for a contradiction that N(Λk−1) < ∞
for some k ∈ N but there exist Ωj ∈ VCM(5, gj) for each j ≥ 1 as in the statement but such that
lim supj→∞ #

(
Sing(Σj) ∩ B4

)
→ ∞. Now let δ > 0 be chosen sufficiently small in Lemma 12 for the

choice of Λ = Λk so that Sing(Σj) ⊂ B1 for sufficiently large j ≥ 1.

Fix xj ∈ Sing(Σj) ∩ B1 and let

rj = inf{r > 0 | θ|Σj |gj (xj, 4) − θ|Σj |gj (xj, r) ≤ δ},

we then have that, since Σj → C ∈ CΛk
in B5, both xj → 0 ∈ R8 and rj → 0 as j → ∞. Moreover, as

we assume that lim supj→∞ #
(
Sing(Σj)∩B4

)
→ ∞, for sufficiently large j ≥ 1 we have that rj > 0 as

eventually #Sing(Σj)∩B4 ≥ 2 since if rj = 0 we would violate the dichotomy of Lemma 12. Moreover
since we have that for each s ∈ (rj, 1] that

θ|Σj |gj (xj, 4s) − θ|Σj |gj (xj, s) ≤ θ|Σj |gj (xj, 4) − θ|Σj |gj (xj, rj) = δ,

we can apply the claim in the proof of Lemma 12 to see that in particular Sing(Σj) ⊂ B
gj
rj (xj).

Now consider for each j ≥ 1 the rescaled sequence Ω̃j =
(
ηxj ,rj

)
#

Ωj with rj > 0 as above and by

writing g̃j = (rj)
−2(η−1

xj ,rj
)∗gj, we have that as in the proof of Lemma 12 that up to a subsequence

(not relabelled) we have that Ω̃j → Ω̃ ∈ VCM(5, geucl), which again is in fact locally area minimising,

with Sing(Σ̃) ⊂ B1 (since Sing(Σj) ⊂ B
gj
rj (xj) for large j ≥ 1). Also since the choice of rj ensures

that θ|Σj |gj (xj, rj) = θ|Σj |gj (xj, 4) − δ we see that in particular by the monotonicity formula that

θ|Σ̃|(0, 1) ≤ θC(0) − δ = θk − δ.

By the induction assumption, we see #Sing(Σ̃j ∩ B4) → ∞, and Σ̃ has only finitely many isolated

singularities. There must then exist p ∈ Sing(Σ̃) and sj → 0 such that #[Sing(Σ̃j) ∩ Bsj(p)] → ∞.

Note that since θ|Σ̃|(0, 1) ≤ θk − δ, the tangent cone to Σ̃ at p has density strictly less than θk, and
thus at most θk−1. By rescaling around p we thus produce a sequence contradicting the assumption
that the statement held for Λ = Λk−1; thus we have that there exists some N(Λk) <∞ for which the
statement holds.

Using Lemma 13, we are able to deduce the following:

Proposition 4 (Properties of the singular capacity). We have that:
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1. For any C ∈ C , SCap(C) <∞.

2. Whenever (gj, tj,Ωj) → (g∞, t∞,Ω∞) in T k,α and U ⊂M is open with ∂U ∩Sing(Σ∞) = ∅, then

lim sup
j→∞

SCap(Ωj, U, gj) ≤ SCap(Ω∞, U, g∞);

namely, the singular capacity is upper semi-continuous.

3. For (g, t) ∈ Gk,α × R there is some Ω ∈ I(g, t) with

SCap(g, t) = SCap(Ω,M, t);

and in particular SCap(g, t) <∞.

Proof. For part 1, as noted in (1) in Subsection 2.1 the densities, {1 = θ0 < θ1 < θ2 < . . .↗ +∞}, of
stable minimal hypercones with isolated singularities are discrete. By Definition 10, for any C ∈ Cθ1
we have that SCap(C) = 1. We now show part 1 by induction on the densities. Suppose for some
k ≥ 1 we have SCap(C) < ∞ for every C ∈ Cθk , and note that for any {Cj}j≥1 ⊂ Cθk , there
is a C ∈ Cθk such that |Cj| → |C| as varifolds by the compactness result for minimal hypercones

mentioned in Subsection 2.1. If for each j ≥ 1 we have a sequence {(g
(j)
i ,Ω

(j)
i )}i≥1 as in Definition

10 part 2, then by the upper semi-continuity of density and a diagonal subsequence argument, we
observe that SCap is upper semi-continuous on Cθk . By the compactness of Cθk again, there exists
some C̄ ∈ Cθk such that

SCap(C̄) = sup
C∈Cθk

SCap(C).

and so by the inductive assumption we have that supC∈Cθk
SCap(C) < ∞. Now if C ∈ Cθk+1

, and

{(gj,Ωj)}j≥1 is a sequence which attaining the supremum in Definition 10 part 2, then by Lemma 13
we have that

SCap(C) ≤ 1 +
(

lim sup
j→∞

#Sing(Σj) ∩ B1

)
· sup
C′∈Cθk

SCap(C′)

≤ 1 +N
(
ω7 θk+1

)
· sup
C′∈Cθk

SCap(C′) < +∞;

this proves part 1.

Note that by Remarks 3 and 13 part 2 follows immediately if t∞ is close to zero or volume of manifold
(since then for large j ≥ 1 the Σj are regular. For part 2, by Allard’s regularity theorem and the
assumption that Ωj → Ω∞, we have a sequence of rj → 0 such that Σj is regular away from from
Brj(Sing(Σ∞)); we then choose r0 ∈ (0, inj(Σ∞, g∞)), so that in particular Σj,Σ are regular away from⋃

p∈Sing(Σ∞)B
g∞
r0

(p) for j ≥ 1 sufficiently large. By the definition of singular capacity, it suffices to

show that for any p ∈ Sing(Σ∞), we have

lim sup
j→∞

SCap(Ωj, B
g∞
r0

(p), gj) ≤ SCap(Ω∞, B
g∞
r0

(p), g∞);

noting that, by definition, for j ≥ 1 sufficiently large we have that both{
SCap(Ωj, B

g∞
2rj

(p), gj) = SCap(Ωj, B
g∞
r0

(p), gj)

SCap(Ω∞, B
g∞
2rj

(p), g∞) = SCap(Ω∞, B
g∞
r0

(p), g∞)
.
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Rescaling Ωj by 1/rj at p, we have, up to a subsequence (not relabelled), that Σj/rj and Σ∞/rj
converge as varifolds to Cp(Σ∞). By the definition of the singular capacity, it is therefore sufficient
by the above arguments to show that if (Ωj,B5, gj) → (E+,B5, geucl) with Ωj ∈ VCM(5, gj) for each
j ≥ 1, E+ ∈ VCM(5, g) and ∂E+ = C, then

lim sup
j→∞

SCap(Ωj,B5, gj) ≤ SCap(E+,B5, geucl).

We only need to consider the case such that there exists some pj ∈ Sing(Σj)∩B1 such that θ|Σj |(pj) =
θC(0); since otherwise the upper semi-continuity follows by the definition. We claim that in this
scenario, we have Sing(Σj) ∩ B1 = {pj}. By the monotonicity formula, since the mean curvature is
bounded along the sequence, and the upper semi-continuity of density we have

lim sup
j→∞

(θ|Σj |(pj, 1) − θ|Σj |(pj)) ≤ θC(0, 1) − θC(0) = 0;

therefore by Lemma 12 we see that Sing(Σj)∩B1 = {pj}. Then, as noted in the proof of part 1 above,
the singular capacity is upper semi-continuous on cones so we have

lim sup
j→∞

SCap(Ωj,B1, gj) = lim sup
j→∞

SCap(Cpj(Σj)) ≤ SCap(C) = SCap(E+,B5, geucl),

as desired.

For part 3, similarly to the proof of part 1 above, by Lemma 1 we have that SCap(g, t) is attained
for some Ω ∈ I(g, t) and hence part 3 follows by combining parts 1 and 2.

5.2 Singular capacity and semi-nondegeneracy

We now show that the metric volume pairs for which every isoperimetric region is semi-nondegenerate,
namely the set Uk,α

0 from Theorem 5, are such that only finitely many isoperimetric regions maximise
the singular capacity:

Lemma 14. Given (g, t) ∈ Uk,α
0 ⊂ Gk,α×R we denote the collection of (g, t,Ω) ∈ T k,α which achieves

the most singularities by

Smax(g, t) = {(g, t,Ω) ∈ T k,α |SCap(Ω,M, g) = SCap(g, t)},

then Smax(g, t) is a finite set.

Proof. Suppose not, then by Lemma 1 we may suppose that there exists a sequence {(g, t,Ωj)}j≥1 ⊂
Smax(g, t) such that Ωj → Ω in L1

g(M) with Ω ∈ I(g, t). Then by Proposition 2 part 1 we see that,

since (g, t) ∈ Uk,α
0 , Ω is semi-nondegenerate and thus Sing(Σ) ̸= ∅ (since if Sing(Σ) = ∅ then we

would be able to produce some non-zero twisted Jacobi field on Σ by Theorem 4, contradicting the
nondegeneracy of Σ implied by Remark 10) so that in particular we have

SCap(Ω1,M, g) = lim sup
j→∞

SCap(Ωj,M, g) ≤ SCap(Ω,M, g) − 1.

On the other hand, by definition of SCap(g, t) we have

SCap(Ω,M, g) ≤ SCap(g, t) = SCap(Ω1,M, g),

a contradiction; hence Smax(g, t) is a finite set.
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By combining this finiteness result with the results of section 2, we are able to reduce the singular
capacity by metric perturbation. To state this we first introduce the following notation and given a
subset U ⊂ Gk,α × R we define the conformal closure and interior, analogously to [LW25, (26)], as:

Closconf(U) =

{
(g, t) ∈ Gk,α × R

∣∣∣∣ for each ε > 0, ((1 + f)g, t′) ∈ U for some f ∈ Ck,α(M)
with ∥f∥Ck,α(M) < ε and |t− t′| < ε

}
,

Intconf(U) =

{
(g, t) ∈ U

∣∣∣∣ for some δ > 0, ((1 + f)g, t′) ∈ U for all f ∈ Ck,α(M)
with ∥f∥Ck,α(M) < δ and |t− t′| < δ

}
.

(27)

Proposition 5 (Reducing the singular capacity). Given (g, t) ∈ Uk,α
0 ∩ Intconf(Closconf(Uk,α

0 )) with
SCap(g, t) ≥ 1, there exists a sequence, {(gj, tj)}j≥1 ⊂ ([g] × R) ∩ Uk,α

0 ∩ Intconf(Closconf(Uk,α
0 )), with

gj → g in Ck,α, tj → t, and such that

lim sup
j→∞

SCap(gj, tj) ≤ SCap(g, t) − 1.

Moreover, one can in fact choose tj = t for each j ≥ 1.

Proof. Note we have by Lemma 14 we have that Smax(g, t) = {(g, t,Ω1), . . . (g, t,ΩN)} for some
{Ωi}Ni=1 ⊂ I(g, t). For each (g,Ωi) ∈ Pk,α(t) for i = 1, . . . , N there is an open and dense subset
Gi ⊂ Ck,α(M) (namely as defined in (2)) from Proposition 1; hence G =

⋂N
i=1Gi is open and dense

in Ck,α(M) also.

Fixing f ∈ G, we claim that without loss of generality we can assume that
∫
Ωi
f dVg = 0 for each

i = 1, . . . , N . To see this we note that if N = 1, then by considering h ∈ C∞
c (Ω1) with

∫
Ω1
h dVg =

−
∫
Ω1
f dVg we have that f + h = f on Σ1 (hence f + h ∈ G by definition of the Gi in Proposition

1). For N > 1 and non-empty J ⊂ {1, . . . , N} we denote VJ =
(⋂

j∈J Ωj

)
\
⋃

k/∈J Ωk, and fix

φJ ∈ C∞
c (VJ) with

∫
VJ
φJ dVg = 1. By the inclusion-exclusion principle, if we denote ΩK =

⋂
k∈K Ωk

and for J ⊂ {1, . . . , N} set

cJ =
∑

{K | J⊂K⊂{1,...,N}}

(−1)|K|−|J |+1

∫
ΩK

f dVg,

we ensure that
∫
Ωi
f dVg = −

∑
{J | i∈J} cJ for each i = 1, . . . , N . Then, setting h =

∑
J cJφJ so that

both h ∈ C∞
c (
⋃N

i=1 Ωi) and h is zero on Σi (which ensures f + h ∈ Gi) with
∫
Ωi

(f + h) dVg = 0 for
each i = 1, . . . , N .

Thus, choosing such an f ∈ G with
∫
Ωi
f dVg = 0 for each i = 1, . . . , N , for any sequences fj → f in

Ck,α and tj → t we have that for sufficiently large j ≥ 1, for gj = (1 +
fj
j

)g we have (gj, tj) ∈ Uk,α
0 ∩

Intconf(Closconf(Uk,α
0 )); where here we use definition (27) since (g, t) ∈ Uk,α

0 ∩ Intconf(Closconf(Uk,α
0 )).

Assume for a contradiction that we have a sequence, {Ωj}j≥1, such that Ωj ∈ I(gj, tj) for each j ≥ 1
with SCap(Ωj,M, gj) = SCap(gj, tj) but such that SCap(Ωj,M, gj) ≥ SCap(g, t) for all large j ≥ 1.
By Lemma 1 there exists Ω∞ ∈ I(g, t) such that, up to a subsequence (not relabelled), Ωj → Ω∞
in L1

g(M), Perg(Ωj) → Perg(Ω∞), and |Σj| → |Σ∞| as varifolds. By Proposition 4 part 2 and the
contradiction assumption, we have

SCap(Ω∞,M, g) ≥ lim sup
j→∞

SCap(Ωj,M, gj) ≥ SCap(g, t). (28)
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Therefore, SCap(Ω∞,M, g) = SCap(g, t) and so (g,Ω∞) ∈ Smax(g, t); thus Ω∞ ∈ {Ω1, . . . ,ΩN}.
We renormalise gj to ḡj so that Ωj ∈ I(ḡj, t) for each j ≥ 1 and such that (ḡj, t) ∈ Uk,α

0 ∩
Intconf(Closconf(Uk,α

0 )); namely, we have ḡj = (1 + c̄j f̄j)g, for sequences c̄j → 0 and f̄j → f in Ck,α.
The fact that we can choose tj = t for each j ≥ 1 for the sequence in the statement follows by this
above renormalisation; namely by absorbing the volume change into the metric factor.

Since Ω∞ is semi-nondegenerate we can apply Proposition 2 case (ii) (noting that
∫
Ω∞

f dVg = 0 and
νΣ,g(f) is not constant by construction) to see that for some p ∈ Sing(Σ∞) we have

SCap(Ω∞,M, g) − 1 ≥ SCap(Ω∞,M, g) − SCap(CpΣ∞)

≥ lim sup
j

SCap(Ωj,M, ḡj)

= lim sup
j

SCap(Ωj,M, gj)

≥ SCap(g, t)

= SCap(Ω∞,M, g).

For the first inequality above we use the fact that SCap(CpΣ∞) ≥ 1, the second inequality is from
the application of Proposition 2 and Proposition 4 part 2, the first equality follows since rescaling
does not affect the definition of the singular capacity, and both the third inequality and the second
equality follow from (28). This is a contradiction, and thus lim supj→∞ SCap(gj, tj) ≤ SCap(g, t)−1
as desired.

6 Proof of Theorems 1 & 2

We can now establish Theorem 1 by iteratively reducing the singular capacity in combination with
the genericity of semi-nondegeneracy by proving:

Theorem 6 (Regular metric volume pairs are generic). Let Uk,α
reg be the set of (g, t) ∈ Gk,α × R such

that every isoperimetric region with respect to the metric g of enclosed volume t is regular, then Uk,α
reg

is open and dense in Uk,α
0 ; in particular, Uk,α

reg is generic in Gk,α ×R and Theorem 1 holds. Moreover,

if ḡ ∈ Gk,α then Uk,α
reg ∩ ([ḡ] × R) is open and dense in Uk,α

0 ∩ ([ḡ] × R) and generic in [ḡ] × R.

Proof. It is sufficient to prove the result for finite k ≥ 4 since, as observed in [Whi17, Theorem 2.10],
the case for smooth metrics then follows immediately.

For openness, we show that the complement Uk,α
0 \ Uk,α

reg is closed. Thus, we consider a sequence,

{(gj, tj)}j≥1 ⊂ Uk,α
0 \Uk,α

reg , with gj → g∞ in Ck,α(M), tj → t∞, and (g∞, t∞) ∈ Uk,α
0 . By assumption, for

each j ≥ 1 there exists Ωj ∈ I(gj, tj) such that Sing(Σj) ̸= ∅. By Lemma 1 there exists Ω∞ ∈ I(g∞, t∞)
so that in particular, up to a subsequence (not relabelled), we have |Σj| → |Σ∞| as varifolds (using
Lemma 1 part 2). If (g∞, t∞) ∈ Uk,α

reg then Ω∞ is regular, and so by Allard’s theorem, for sufficiently
large j ≥ 1 we have that Ωj is also regular, contradicting the assumption that Sing(Σj) ̸= ∅; hence

(g∞, t∞) ∈ Uk,α
0 \ Uk,α

reg and so Uk,α
reg is open in Uk,α

0 .

For denseness, we fix (g, t) ∈ Uk,α
0 , ε > 0, and note that by Proposition 4 part 3 we have that

SCap(g, t) < ∞. By Theorem 5, in particular by the genericity in the space of metric volume pairs
for a fixed conformal class, and (27) we have that ([g] ×R) ∩ Closconf(Uk,α

0 ) = [g] ×R and so we have

([g] × R) ∩ Uk,α
0 = ([g] × R) ∩ Uk,α

0 ∩ Intconf(Closconf(Uk,α
0 )).
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Hence, by repeatedly applying Proposition 5, we obtain (gε, tε) ∈ ([g]×R)∩Uk,α
0 ∩Intconf(Closconf(Uk,α

0 ))
with SCap(gε, tε) = 0; thus we have that (gϵ, tϵ) ∈ Uk,α

reg with ∥gε − g∥Ck,α < ε and |t − tϵ| < ϵ. This

proves that Uk,α
reg is dense in Uk,α

0 as desired. Theorem 1 then follows by Theorem 5; in other words it
follows since semi-nondegeneracy is a generic property for metric volume pairs.

For the final statement, if ḡ ∈ Gk,α then by the genericity of Uk,α
0 ∩ ([ḡ] × R) in [ḡ] × R as shown in

Theorem 5, we see that Uk,α
reg ∩ ([ḡ] × R) is open and dense in Uk,α

0 ∩ ([ḡ] × R) (since in particular the
metric perturbations of Proposition 5 remain in the given conformal class) and generic in [ḡ]×R.

We similarly establish Theorem 2 by proving:

Theorem 7 (Regular metrics are generic for fixed volume). Given t ∈ R, let Gk,α
reg (t) be the set of

g ∈ Gk,α such that every isoperimetric region with respect to g of enclosed volume t is regular, then
Gk,α
reg (t) is open and dense in Uk,α

0 ∩ (Gk,α ×{t}); in particular, Gk,α
reg (t) is generic in Gk,α and Theorem

2 holds. Moreover, if ḡ ∈ Gk,α then Gk,α
reg (t) ∩ ([ḡ] × t) is open and dense in Uk,α

0 ∩ ([ḡ] × {t}) and
generic in [ḡ] × t.

Proof. We observe first that if one re-defines pseudo-neighbourhoods in Definition 8 by fixing t ∈ R,
the proofs of Lemmas 5, 6, and 7 in Subsection 4.1 are all unchanged (since one is then just considering
a constant sequence of enclosed volumes). With this in hand, the results of Subsections 4.2 and 4.3 go
through identically for a fixed t ∈ R; in particular, we obtain the genericity of Uk,α

0 ∩ (Gk,α × {t}) in
Gk,α × {t} (and similarly if we restrict to a given conformal class in the metric factor). Moreover, the
final statement in Proposition 5 shows that we can fix t in order to find a sequence of metric volume
pairs that reduce the singular capacity. Thus, by combining all of the above, we can proceed exactly
as in the proof of Theorem 6 above, now fixing t in place of R in the volume factor, to conclude the
desired results.

A Results for minimal cones and hypersurfaces

We collect here some results from [LW25] on the asymptotic and growth rates of cones, which should
be compared with Definition 6, introduce notation for the mean curvature operator of hypersurfaces,
and record a Caccioppoli type inequality on smooth subsets of the boundary of an isoperimetric region.

A.1 Asymptotic rates for cones

Lemma A.1. Given σ > 0,Λ > 1 there exists K > 2, δ0 ∈ (0, 1/2), and H0 > 0, all depending on σ
and Λ, such that for H a bounded continuous function with |H| ≤ H0,C ∈ CΛ and γ ∈ (−Λ,Λ) with

distR(γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ,

if u ∈ W 1,2(A(K−3, 1)) ∩ L2(A(K−3, 1)) is a non-zero weak solution of

divC(∇Cu+ B⃗0(x)) + |IIC|2u+ |x|−1B1(x) = H, (29)

where B⃗0, B1 satisfy the following estimate:

|B⃗0|(x) + |B1|(x) ≤ δ0
(
|x|−1|u|(x) + |∇u|(x) + ∥u∥L2(A(K−3,1))

)
, (30)

on A(K−3, 1). Then we have

Jγ
K,C(u;K−2) − 2(1 + δ0)J

γ
K,C(u;K−1) + Jγ

K,C(u; 1) > 0.
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Proof. Assume the result is not true, then there exists σ > 0, Λ > 1, a sequence of stable hypercones
{Cj} ∈ CΛ, a sequence {γj}j≥1 ⊂ (−Λ,Λ) with distR(γj,Γ(Cj) ∪ {−(n − 2)/2}) ≥ σ, and finally
a sequence {uj}j≥1 ⊂ W 1,2

loc (A(K−3, 1)) ∩ L2(A(K−3, 1)) of non-zero weak solutions of (29) over Cj

satisfying (30) with Hj = 1/j, and δj = 1/j, but such that for all j, we have

J
γj
K,Cj

(uj;K
−2) − 2(1 + 1/j)J

γj
K,Cj

(uj;K
−1) + J

γj
K,Cj

(uj; 1) ≤ 0. (31)

Suppose γj converges, up to subsequence, to γ∞, and Cj to some C∞ ∈ CΛ. Then, by the continuity
of the spectrum of cones under varifold convergence, we have distR(γ∞,Γ(C∞) ∪ {−(n− 2)/2}) ≥ σ.
Denote cj = J

γj
K,Cj

(uj;K
−1), we then have two cases to consider, whether the sequence {cj}j≥1 is

bounded, or not. We start with the former. By the definition of Jγ
K,C(u; r), there exists a constant

C > 0, depending on K and Λ, such that

C−1 ≤
Jγ
K,Cj

(uj; r)r
γ+n/2

∥uj∥L2(A(K−1r,r))

≤ C,

for all r ∈ (K−2, 1). In particular, (31) implies a uniform L2 bound for the sequence {uj}j≥1. On
the other hand, because the {uj}j≥1 are weak solutions of (29) with Hj → 0, for any open set
Ω ⊂⊂ A(K−3, 1), there exists C > 0, depending on K and Ω, such that∫

Ω

∥∇Cj
uj∥2 d∥Cj∥ ≤ C

∫
A(K−3,1)

(1 + |IICj
|2)u2j d∥Cj∥. (32)

This inequality follows by multiplying (29) by ujη
2 for some η ∈ C∞

c (A(K−3, 1)) satisfying η = 1 on
Ω, integrating by parts, and appealing to (30). Thus, by the Sobolev embedding theorem, there is
u∞ ∈ W 1,2

loc (A(K−3, 1)) ∩ L2(A(K−3, 1)) such that uj ⇀ u∞ weakly in W 1,2
loc (A(K−3, 1)) and strongly

in L2(A(K−3, 1)). Therefore, u∞ is a weak solution of

∆C∞u∞ + |IIC∞|2u∞ = 0,

on A(K−3, 1). However, from (31) we infer

Jγ∞
K,C∞

(u∞;K−2) − 2(1 + 1/j)Jγ∞
K,C∞

(u∞;K−1) + Jγ∞
K,C∞

(u∞; 1) ≤ 0,

contradicting [LW25, Lemma 6.1]. For the case cj → ∞, denote ûj = uj/cj. As the ûj’s are weak

solutions of (29) with Ĥj = Hj/cj, we can infer an L2 bound for ûj from (31). Arguing as in the
previous case, we again get a contradiction to [LW25, Lemma 6.1].

We will frequently exploit the following dichotomy result:

Lemma A.2. For σ, κ > 0, Λ ≥ 1 and K > 2 as in Lemma A.1, then there exists some δ > 0,
depending on σ, κ,Λ and K, for which the following holds. Consider C ∈ CΛ and γ ∈ (−Λ, 1) such
that

distR (γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ.

Then, if {(gj, tj,Ωj)} and {(ḡj, t̄j, Ω̄j)}j, with Vj = |Σj|gj and V̄j = |Σ̄j|ḡj , are sequences in T k,α such
that |Ωj∆Ω̄j|gj → 0 as j → ∞, with normal coordinates on B2 such that

(i) The metrics are conformally equivalent, with ∥gj − ḡj∥C4 → 0 and supj≥1 ∥gj − geucl∥C4 ≤ δ.

(ii) For each j ≥ 1 we have Sing(Vj) ∩ B2 = {0}, and there exist wj ∈ C4(C) with

|Vj|gj B2 = |graphgeucl
C (wj)|geucl B2 and ∥wj∥C2

∗(B2) ≤ δ.
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Then, if we define the graphing radius to be

τj = inf{s ∈ (0, 1) | V̄j A(s, 1) = graph
gj
Vj

(vj) and ∥vj∥C2
∗(V̄j∩A(s,1)) ≤ δ} (33)

we have, up to a subsequence, that either:

(1) For each j ≥ 1, the graphing radius, τj, is strictly positive and τ−1
j V̄j converges to a stationary

integral varifold, V∞, in R8 which is not C but is asymptotic to it at infinity, with AR∞(V∞) < γ.

(2) For vj in the definition of the graphing radius and t ∈ (K3τj, 1) we have

Jγ
K;Vj ,gj

(vj;K
−1t) ≤ max{Jγ

K;Vj ,gj
(vj, t), κ∥gj − ḡj∥C4}.

Proof. This follows exactly as in the proof of [LW25, Lemma F.5] by appealing to Lemma A.2 in place
of [LW25, Corollary 6.2].

Lemma A.3. Suppose Σ ⊂ R8 be a stable minimal hypersurface which is asymptotic to C at infinity
and does not equal C. Then the asymptotic rates satisfy one of the following holds:

(1) AR∞(Σ) ≥ γ+2 (C);

(2) AR∞(Σ) ∈ {γ±1 (C)} and Sing(Σ) = ∅.

Proof. This is precisely the statement of [LW25, Lemma F.3].

A.2 The mean curvature operator on graphs

We will adopt the notation from [LW25, Appendix B], and suppose that we have Riemannian metrics
g, g± ∈ Gk,α on M , and f± ∈ C2(M) with

[f±]x,g,C2
∗ ≤ δ and g± = (1 + f±)g, (34)

for some dimensional constant δ > 0. Denote by Mf : C2
∗(Σ) → Cloc(Σ) the mean curvature operator

on Σ under the metric (1 + f)g, i.e. the operator defined by∫
Σ

Mf (u) · φdAg =
d

dt

∣∣∣∣
t=0

∫
Σ

F f (x, u+ tφ, d(u+ tφ)) dAg,

for φ ∈ C1
c (Σ), and where F f is the C1 area density function F f = F f (x, z, ξ) giving, for any

φ ∈ Cc(M \ Sing(Σ)), the identity∫
M

φ(x) d∥graphΣ(u)∥(1+f)g(x) =

∫
M

φ ◦ Φu(x) · F f (x, u(x), du(x)) d∥Σ∥g,

where Φu(x) = expg
x(u(x) · ν(x)), provided u ∈ C2(Σ) satisfies ∥u∥C2

∗(Σ) ≤ δ, and f ∈ C2(M) is such
that [f ]x,g,C2

∗ ≤ δ for every x ∈ Σ; see [LW25, Theorem B.1 (ii)] for a proof of existence of such F . In
particular, for every pair, f±, as in (34), and every pair, u±, with ∥u±∥C2

∗(Σ) ≤ δ, the difference of the
mean curvature operators takes the form

Mf+

(u+) −Mf−
(u−) = −LΣ,g(u

+ − u−) +
n

2
ν(f+ − f−) + divΣ,g(E1) + r−1

S E2, (35)
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where E1 and E2 are functions on Σ satisfying, for each x ∈ Σ, the following pointwise bound:

|E1(x)| + |E2(x)| ≤ C

(∑
i=±

[f i]x,g,C2
∗ +

1

rS(x)
|(u+ v)(x)| + |d(u+ v)(x)|

)
·
(
[f+ − f−]x,g,C2

∗(M) + |(u− v)(x)| + |d(u− v)(x)|
)
.

(36)

where C > 0 is a constant depending on g.

Proposition A.1 (Caccioppoli inequality). Suppose that u, v ∈ C2
loc(Σ) solve Mf+u − Mf−

v = h,
where h is a constant. Then, for any open sets Ω′ ⊂⊂ Ω ⊂⊂ Σ there exists a constant C > 0,
depending on Ω′,Ω, g, f±, and ∥u− v∥C1(Ω), such that∫

Ω′
|∇(u− v)|2 dAg ≤ C

(∫
Ω

(u− v)2 dAg + ∥f+ − f−∥C2(M) · ∥u− v∥L1(Ω)

)
.

Proof. As h is a constant, for any volume preserving test function ϕ ∈ C1
c (Ω) ∩ L1

T (Ω), we have∫
Ω

(Mf+

u−Mf−
v)ϕ dAg = 0.

In particular, appealing to (35) and integrating by parts, the above becomes∫
Ω

∇(u− v) · ∇ϕ−
((

|IIΣ|2 + Ric(ν)
)

(u− v) − n

2
ν(f+ − f−) + divΣ,g(E1) + r−1

S E2
)
ϕ dAg = 0,

which can then be rewritten as∫
Ω

∇(u− v) · ∇ϕ dAg =

∫
Ω

B(x) · ϕ+ E1 · ∇ϕ dAg (37)

with B(x) = (|IIΣ|2 + Ric(ν))(u − v) − n
2
ν(f+ − f−) − r−1

S E2. Consider then a function ϕ ∈ C1
c (Ω)

with ϕ = 1 on Ω′, and fix another non-negative function η ∈ C1
c (Ω′) with

∫
Ω′ η dAg = 1. Denote

C0 =
∫
Ω
ϕ2(u − v) dAg, so that

∫
Ω

(ϕ2(u − v) − C0η) dAg = 0; applying (37) with this function and
using the bounds in (36) one can derive the desired inequality (noting that rS is uniformly bounded
away from zero on Ω since Ω ⊂⊂ Σ).

B The space of almost minimisers in dimension eight

In [Ede24] the definition and existence of a cone decomposition for seven dimensional minimal hyper-
surfaces with bounded mass and index was established, and prove that such hypersurfaces belong to a
finite collection diffeomorphism types. In this appendix we adapt this notion, and the corresponding
existence result, to the setting of almost minimisers in dimension eight. As a consequence, one can
deduce that almost minimisers (with prescribed Λ ≥ 0 and bounded mass) also belong to a finite
collection of diffeomorphism types; this result was recorded in [ESV24, Theorem 5.5]. We also record
some definitions from [LW25, Section 9.1], adapted to the setting of isoperimetric regions, that will
be of use in Subsection 4.3 when decomposing the space of triples.
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B.1 Cone decomposition

We start by recalling several notions from [Ede24], adapted to the setting of almost minimisers of
perimeter, that will be used in defining the cone decomposition. We note that some of the definitions
below could be simplified (for instance, by avoiding the framework of varifolds), but we have chosen
to present them in this form for consistency with the exposition in [Ede24].

Definition B.1 (Strong cone region). Let g be a C2 metric on BR(a) ⊂ R8, and E a set of fi-
nite perimeter on (BR(a), g). Given C ∈ C , β, τ, σ ∈ [0, 1/4], ρ ∈ [0, R], we say that |∂E|g
(A(a; ρ/8, R), g) is a (C, 1, β)-strong cone region provided there is some C1 function u : (a+ C) ∩
A(a; ρ/8, R) → C⊥ such that, for any r ∈ [ρ,R] ∩ (0,∞) we have

1. Small C1
∗ -norms: r−1|u| + |∇u| ≤ β.

2. Almost constant density ratios: θ|C|(0) − β ≤ θ|∂E|(a, r) ≤ θ|C|(0) + β.

3. Graphicality: |∂E| A(a; ρ/8, R) = |grapha+C(u) ∩ A(a; ρ/8, R)|.

Remark B.1. Since for almost minimisers of perimeter one can in general only expect C1,α (for
α ∈ (0, 1

2
)) regular part for their boundary, see [Mag12, Theorem 21.8], we weaken the required norm

control in the definition of strong cone regions compared to [Ede24, Definition 6.0.3]. See also Remark
B.4 for isoperimetric regions, for which one can upgrade this regularity to C2.

Remark B.2. In [Ede24], further refinements of the above definition are introduced. More precisely,
one starts with the notion of weak cone region in which the cones C and the centres are allowed to
change from scale to scale. One then proceeds with cone regions, in which the centre is fixed for every
scale, and finally concludes with the strong cone regions defined above. It is then a consequence of
[Ede24, Lemma 6.2 & Theorem 6.3] that all these notions are effectively equivalent.

Definition B.2 (Smooth model). Given Λ, γ ≥ 0, and σ ∈ (0, 1/3), a tuple (S,C, {(Cα,B(yα, rα))}α)
is called a (Λ, σ, γ)-smooth model if S is a 7-dimensional local perimeter minimiser in (R8, geucl)
with θS(0,∞) ≤ Λ, and C, {Cα}α ⊂ CΛ, and {Brα(yα)}α is a finite collection of disjoint balls in B1−3σ,
provided that the following is satisfied

1. S can be represented by a union of disjoint closed, smooth, smooth, embedded, minimal hyper-
surfaces in R8 \ {yα}α, i.e. |S| =

∑k
j=1 |Sj|.

2. |S| (A(1,∞), g) is a (C, 1, γ)-strong cone region.

3. For each α, there is a j = 1, . . . , k so that spt∥S∥ ∩A(yα; 0, 2rα) = Sj ∩A(yα; 0, 2rα) and it is a
(C, 1, γ)-strong cone region.

Remark B.3. Note that we do not need to change the variational hypothesis (i.e. the assumption of
zero mean curvature) in the definition of smooth models, for instance by requiring them to to have
constant mean curvature or almost minimisers, as these arise from blow-up arguments. In particular,
we only adapted the definition to our setting by requiring the stronger condition of being a perimeter
minimiser, instead of a stationary integral varifold.

Definition B.3 (Smooth model scale constant). Given a (Λ, σ, γ)-smooth model S, we let ϵS be the
largest number smaller than min(1,minα{rα}) for which the graph map

graphS : T⊥
(⋃

j

Sj

)
→ R8, graphS(x, v) = x+ v,
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is a diffeomorphism from{
(x, v) ∈ T⊥

(⋃
j

Sj

) ∣∣∣∣x ∈ B2 \
⋃
α

B rα
8

(yα), |v| < 2ϵS

}

onto its image, and satisfies |∥DgraphS|(x,v) − Id∥ ≤ |ϵS|−1|v|.

Definition B.4 (Smooth region). Given a smooth model S, a C2 metric g on BR(a) ⊂ R8, and β ∈
(0, 1), we say that (the varifold associated with) the boundary of a set of finite perimeter |∂E|g BR(a)
is a (S, β)-smooth region if for each i = 1, 2, . . . , k, there is a C2 function ui : Si → S⊥

i so that

((ηa,R)#|∂E|g) B1 \
⋃
α

B rα
4

(yα) =
k∑

i=1

∣∣∣∣∣graphSi
(ui) ∩ B1 \

⋃
α

B rα
4

(yα)

∣∣∣∣∣
R−2(η−1

a,R)∗g

and ∥ui∥C2(Si) ≤ βϵS for all i, where ϵS is the scale constant in the previous definition.

Definition B.5 (Cone decomposition). Given θ, γ, β ∈ R, σ ∈ (0, 1/3), R > 0, and N ∈ N, we let g
be a Ck,α metric on BR(x) ⊂ R8, E ∈ C(BR(x)), and S = {Ss}s be a finite collection of (θ, σ, γ)-smooth
models. A (θ, β,S, N)-cone decomposition of |∂E|g BR(x) consists of the following parameters:

• Integers NC , NS satisfying NC +NS ≤ N , where NC is the number of strong-cone regions, while
NS is the number of smooth regions.

• Points {xa}a, {xb}b ⊂ BR(x), where the {xa}a are the centres of the strong-cone regions, and
{xb}b are the centres of the smooth regions.

• Radii {Ra, ρa |Ra ≥ 2ρa}a, respectively {Rb}b corresponding to radii of annuli in the definition
of strong-cone region, respectively of balls in the definition of smooth regions.

• Cones {Ca}a ⊂ C .

• Indices {sb}b corresponding to the smooth models Ssb.

Where in the above a = 1, . . . , NC and b = 1, . . . , NS. Furthermore, these parameters determine a
covering of balls and annuli satisfying

1. Every |∂E|g A(xa; ρa, Ra) is a (Ca, 1, β)-strong cone region and every |∂E|g BRb
(xb) is a

(Ssb , β)-smooth region.

2. In the previous point, there is either a strong-cone region A(xa; ρa, Ra) for |∂E|g with Ra = R
and xa = x, or a smooth region BRb

(xb) for |∂E|g with Rb = R and xb = x.

3. If |∂E|g A(xa; ρa, Ra) is a (Ca, 1, β)-strong cone region and ρa > 0, then there exists either a
smooth region BRb

(xb) for |∂E|g with Rb = ρa, or another cone region A(xa′ ; ρa′ , Ra′) for |∂E|g
with Ra′ = ρa, xa′ = xa. If ρa = 0, then θCa(0) > 1.

4. If |∂E| (B(xb, Rb), g) is a smooth region with (S,C, {Cα, B(yα, rα)}α) ∈ S, then for any index
α, there exists a point xb,α, and a radius Rb,α satisfying

|xb,α − yα| ≤ βRbrα and
1

2
≤ Rb,α

Rbrα
≤ 1 + β,

and either a strong-cone region A(xa′ , ρa′ , Ra′) for |∂E| with Ra = Rb,α and xa = xb,α, or another
smooth region B(xb′ , Rb′) with Rb′ = Rb,α, and xb′ = xb,α.
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In light of (1), we have an enumeration of {θ|Ci|(0) |C ∈ C} = {θl}l∈N; compared to [Ede24], we do
not have to enumerate the set of densities-with-multiplicity as our varifolds are of multiplicity one.
The strategy introduced in [Ede24] to prove the existence of a cone decomposition is general and
relies on good compactness and partial regularity theorems (sheeting), a monotonicity formula, and
a  Lojasiewicz-Simon (or epiperimetric type) inequality for singular models, all of which are available
for almost minimisers, see [Mag12] and [ESV24].

Theorem B.1 (Existence of cone decomposition). Given l ∈ N, and 0 < β ≤ γ ≤ 1, and σ ∈
(0, 1/200], there are constants δl,γ,β,σ > 0 and N ∈ N, as well as a finite collection of (θl, σ, β)-smooth
models S = {Ss}s, all depending on (l, γ, β, and σ, so that the following holds. Let g be a C3 metric
on B1 satisfying ∥g − geucl∥C3 ≤ δl,γ,β,σ. Consider Ω a (δl,γ,β,σ, 1)-almost minimiser of perimeter in
B1(0), and C ∈ C such that θ|Ci|(0) ≤ θl. Denote Σ ⊂ ∂Ω the C1,α part of the boundary with Σ = ∂Ω,
and suppose that

dH(spt|Σ| ∩ B1,C ∩ B1) ≤ δl,γ,β,σ,

and
1

2
θ|Ci|(0) ≤ θ|Σ|(0, 1/2), and θ|Σ|(0, 1) ≤ 3

2
θ|Ci|(0).

Then there exists r ∈ (1 − 40σ, 1), so that |Σ| (Br, g) admits a (θl, β,S, N)-cone decomposition.

Remark B.4. In Subsection 4.3 we will apply Theorem B.1 to isoperimetric regions which, since
our Riemannian metrics are at least C4,α regular, have at least C2 regular part of their boundary.
As a consequence, the cone decomposition for the boundary of an isoperimetric region has improved
regularity, analogous to the case of minimal hypersurfaces with bounded mass and index as considered
in [Ede24]. In particular one can assume the various notions of cone regions have C2

∗ control, as
opposed to just C1

∗ control, exactly as in [Ede24, Section 6]. Moreover, if one is only considering
isoperimetric regions in the proof below, one can bypass the general regularity and compactness theory
for almost minimisers and instead invoke Allard’s theorem directly (since its hypotheses are satisfied
in the situations under consideration).

Proof. We will only sketch the proof here, pointing out the relevant alterations required to adapt to
the setting of almost minimisers of perimeter, and refer to [Ede24, Theorem 7.1] for precise details.
The proof will proceed by induction on l ∈ N and contradiction. Constants will be chosen throughout,
but the following hierarchy should be kept in mind:

β′′ ≪ τ ≪ β′ ≪ β ≤ γ ≪ σ < 1,

where the parameters β′′ and β′ will correspond to notions in [Ede24] we will give reference to.

Suppose now for a contradiction that the theorem fails. Then, there are sequences δi → 0, C3 metrics
gi, (δi, 1)-almost minimisers of perimeter Ωi, and cones, Ci, such that gi,Ωi satisfy the hypothesis of the
theorem with δi, gi, and Ci in place of δ, g, and C, but with the property that for any finite collection
of S ′ of (θl, σ, β)-smooth models, and any N ′ ∈ N, there is some i0 ≥ 1 such that |Σi|gi (Br, gi) does
not admit a (θl, β,S ′, N ′)-strong cone decomposition for all i > i0, and r ∈ (1 − 40σ, 1). Passing to a
subsequence (not relabelled), by the compactness of stable minimal regular cones (see the discussion
preceding (1)), we ensure that Ci → C ∈ C smoothly, with multiplicity one away from the origin,
and θ|Ci|(0) = θ|C|(0) for all i ≥ 1 sufficiently large. Appealing to the compactness of (Λ, r0)-almost
minimisers, [Mag12, Section 21.5] (or alternatively to [ESV24, Lemma 5.6]), by passing to a further
subsequence (not relabelled), we ensure that |Σi|gi → |C|geucl as varifolds in B1 and in C1,α on compact
subsets of the complement of Sing(C) ⊂ {0}, with θ|Ci|(0) ≤ θl.
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Note that if l = 0, corresponding to |C| being a multiplicity one hyperplane then, provided i ≥ 1 is
large enough, we can appeal to the regularity theory of (Λ, r0)-almost minimisers [Mag12, Theorem
21.8] to infer that each |Σi|gi (B1−5σ, gi) is a (S, β)-smooth region, with S the smooth model (|C|,C, ∅).

By the inductive hypothesis, we can assume the theorem holds for l′ < l. For each i ≥ 1, we define

ρi = inf{ρ | |Σi|gi (A(ρ, 1), gi) is a (C, 1, β′′, τ, σ)-weak cone region};

see [Ede24, Definition 6.0.1] for the definition of weak cone region, where β′′ and τ will be be chosen
later, depending on l, β, and γ). In addition, let ai = aρi(Vi) be the annulus centre at radius ρi
as appearing in [Ede24, Definition 6.0.1]. Because of convergence |Σi|gi → |C| in both the varifold
sense and in C1,α on compact subsets of B1 \ {0}, we necessarily have ai → 0, as well as ρi → 0.
Assuming β′′ and τ small enough, we have that |Σi|gi (A(ai; ρi, 1− 3σ), gi) is a (C, 1, β′)-cone region
as defined in [Ede24, Definition 6.0.2]. Using the propagation of graphicality for almost minimisers
appearing in [ESV24, Theorem 5.2], which can be applied due to the hypothesis δi → 0, we see that
|Σi|gi (A(ai; ρi, 1− 3σ), gi) is a (C, 1, β′)-strong cone region as in Definition B.1 for i ≥ 1 sufficiently
large.

Suppose now ρi = 0 for infinitely many i ≥ 1 then if θ|C|(0) = 1, again by using the regularity
theory of (Λ, r0)-almost minimisers [Mag12, Theorem 21.8], we conclude that |Σi| (B1−5σ, gi) is a
(S, β)-smooth region for S the smooth model given by (|C|,C, ∅). But this means that infinitely many
|Σi|gi (B1−5σ, gi) admit a (θl, β, {S}, 1)-cone decomposition, giving a contradiction. Analogously, if
θ|Ci|(0) > 1, we have that |Σi|gi (Br, gi) admit a strong cone decomposition for sufficiently large
i ≥ 1, giving another contradiction. Thus, ρi > 0 for sufficiently large i ≥ 1, and we can consider the
rescaled varifolds V ′

i = (ηai,ρi)#|Σi|gi under the corresponding rescaled metrics g′i = ρ−2
i (η−1

ai,ρi
)∗gi. In

particular we see that

inf{ρ |V ′
i (A(ρ,R), g′i) is a (C, 1, β′′, τ, σ)-weak cone region} = 1,

and a1(V
′
i ) = 0, where again the notation is as in [Ede24, Definition 6.0.1]. Appealing once more to the

compactness theory of (Λ, r0)-almost minimisers, [Mag12, Section 21.5] or [ESV24, Lemma 5.6], we can
now extract a subsequence (not relabelled) converging to a limiting minimiser V ′ in both the varifold
topology as well as in C1,α on compact subsets of R8 \ Sing(V ′); for the monotonicity argument
appearing in the paragraph below [Ede24, Theorem 7.1, (64)], we instead apply the monotonicity
formula for almost minimisers [ESV24, (5.2)] in place of of [Ede24, (18)]. Provided β is sufficiently
small, using Arzelà–Ascoli, and [Ede24, Theorem 5.1], we know that V ′ (A(1,∞), geucl) is a (C, 1, β)-
strong cone region, with |Σ′

i| → V ′ in C1,α on compact subsets of R8 \ B1/8. In particular, we have

that Sing(V ′) ⊂ B1/8 is a finite set, and one can check that any tangent cone to V ′ at infinity is of the
form |C′| for some C′ ∈ C . We now have two cases to analyse:

(a) θV ′(a) ≥ θl for some a ∈ spt(V ′). By the monotonicity formula, we infer that V ′ = |a + C′|
for some C′ ∈ C . The rest of the argument goes unchanged with respect to [Ede24, Theorem
7.1, Subcase 1A], with the simplifications arising from the fact that we have no points of index
concentration, and that we are in a multiplicity one setting.

(b) θV ′(a) ≤ θl for all a ∈ spt(V ′). This case follows verbatim as in [Ede24, Theorem 7.1, Subcase
1B], replacing the application of [Ede24, Theorem 6.3] there with [ESV24, Theorem 5.2].

In either case, we reach an contradiction under the assumption that the theorem fails.
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B.2 Tree representations and large-scale cone decompositions

Here we record several definitions from [LW25, Section 9.1] adapted to the setting of isoperimetric
regions for use in Subsection 4.3:

Definition B.6 (Tree representation of a cone decomposition). Given a (θ, β,S, N)-cone decompo-
sition of |∂E|g (BR(x), g) with parameters as labelled as in Definition B.5, the corresponding tree
representation is a rooted tree uniquely defined by:

• There are two types of nodes: every of type I is labelled (Ca, 1, xa, Ra, ρa), while every node of
type II is labelled (Ssb , xb, Rb).

• The root is labelled with either (Ca, 1, xa = x,Ra = R, ρa), or (Ssb , xb = x,Rb = R).

• For any type I node (Ca, 1, xa, Ra, ρa), either ρa = 0, θCa(0) > 1 and it is a leaf; or ρa > 0 and
it has a unique child of either:

1. type I (Ca′ , 1, xa′ = xa, Ra′ = ρa, ρa′).

2. type II (Ssb′
, xb′ = x,Rb′ = R).

• For any type II node (Ssb , xb, Rb) where Ssb = (S,C, {Cα, 1,Brα(yα)}α∈Ib) it has #Ib child nodes
such that for each index α, there exists Rb,α and xb,α such that

|xb,α − yα| ≤ βRbrα and
1

2
≤ Rb,α

Rbrα
≤ 1 + β,

so that the corresponding child node is either:

1. type I (Ca′ = Cα, 1, xa′ = xb,α, Ra′ = Rb,α, ρa′).

2. type II (Ssb′
, xb′ = xb,α, Rb′ = Rb,α).

Definition B.7 (Coarse tree representation). The coarse tree representation of a cone decomposi-
tion is obtained by relabelling the rooted tree appearing in Definition B.6: type I nodes (Ca, 1, xa, Ra, ρa)
are simply denoted by (θCa(0)), while type II nodes (Ssb , xb, Rb) by Ssb.

Definition B.8 (Closeness of tree representations). For γ ∈ (0, 1/100), two (θ, β,S, N)-tree repre-
sentations with parameters

• (NS, NC , {xa}, {xb}, {Ra}, {ρa}, {Rb}, 1, {Ca}, {Sb}),

• (N ′
S, N

′
C , {x′a}, {x′b}, {R′

a}, {ρ′a}, {R′
b}, 1, {C′

a}, {S ′
b}),

are said to be γ-close if N ′
S = NS, N

′
C = NC and they have the same coarse tree representations,

such that:

1. If the corresponding two nodes are both of type I, then we have:

• dH(Ca ∩ ∂B1,C
′
a ∩ ∂B1) ≤ γ.

• If ρa > 0, then

|ρa − ρ′a| ≤ γmin(ρa, ρ
′
a), |xa − x′a| ≤ γmin(ρa, ρ

′
a), |Ra −R′

a| ≤ γmin(ρa, ρ
′
a).

Otherwise if ρa = 0, then

ρ′a = 0, |xa − x′a| ≤ γmin(Ra, R
′
a), and |Ra −R′

a| ≤ γmin(Ra, R
′
a).
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2. If the corresponding two nodes are both of type II, then we have:

|xb − x′b| ≤ γmin(Rb, R
′
b) min

α∈Ib
(rα), and |Rb −R′

b| ≤ γmin(Rb, R
′
b) min

α∈Ib
(rα).

Since the notion of a cone decomposition is local, in describing the space of triples it will be use to
provide a global decomposition of the boundary of a given isoperimetric region:

Definition B.9 (Large-scale cone decomposition). Given θ, γ, β ∈ R+, σ ∈ (0, 1/3), and N ∈ N, let
g0, g be two Ck,α metrics on M , t0, t ∈ R, Ω0 ∈ I(g0, t0) and Ω ∈ I(g, t), and S = {Ss}s be a finite
collection of (θ, σ, γ)-smooth models. A large-scale (θ, β, g0, t0,Ω0,S, N)-cone decomposition of
Ω (or of ∂Ω by abuse of language) consists of:

• a collection of radii {rα}α corresponding to the singular sets Sing(Σ0) = {pα}α, such that
{Bg(pα, rα)}α are pairwise disjoint.

• a (θ, β,S, N)-cone decomposition for each |∂Ω| Bg
rα(pα).

• a C1 function u : Σ0 \
⋃

pα∈Sing(Σ0)
Bg

rα
2

(pα) → Σ⊥
0 so that for r0 = minα{rα} > 0,

r−1
0 |u| + |∇u| ≤ β,

and ∂Ω \Bg
rα(pα) coincides with graph∂Ω0

(u) \Bg
rα(pα).

Remark B.5. While Definition B.5 is phrased for Euclidean balls equipped with a Riemannian metric,
by choosing the radius smaller than inj(M, g), it suffices in Definition B.9 to work in a Riemannian
geodesic ball of the same radius; hence we will use both notations interchangeably.

Similarly, we can define the corresponding notions of tree representation and γ-closeness for these
global decompositions:

Definition B.10 (Tree representation of large-scale cone decomposition). Given a large-scale
(θ, β, g0, t0,Ω0,S, N)-cone decomposition of Ω ∈ I(g, t) with parameters: Sing(Σ0) = {pα}α, radii
{rα}α, and (θ, β,S, N)-cone decompositions for each |∂Ω| Bg

rα(pα). The corresponding tree repre-
sentation of the large-scale cone decomposition is a rooted tree uniquely defined by:

1. The root node is labelled by a tuple (Σ0, g0, {pα}, {rα}).

2. The root node has #Sing(Σ0) children, indexed by α. The corresponding subtree rooted at the
α-child is the tree representation of the (θ, β,S, N)-cone decomposition for each |∂Ω|g Bg

rα(pα).

Finally, the coarse tree representation will be the directed rooted tree with the subtrees above
replaced by their corresponding coarse trees.

Definition B.11 (Closeness of tree representations of large-scale cone decompositions). For γ ∈
(0, 1/100), two (θ, β, g0, t0,Σ0,S, N)-tree representations of large scale cone decompositions (with β ≤
γ) are said to be γ-close if their root nodes have the same label, and their subtrees corresponding to
the α-child are γ-close for each α.
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